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A CONSTRUCTION OF THE SUPERCUSPIDAL
REPRESENTATIONS OF GL„(F), F p-ADIC

LAWRENCE CORWIN f

Abstract. Let F be a nondiscrete, locally compact, non-Archimedean field.

In this paper, we construct all irreducible supercuspidal representations of G =

GLn(F). For each such representation it (which we may as well assume is

unitary), we give a subgroup J of G that is compact mod the center Z of G

and a (finite-dimensional) representation a of J such that inducing cr to G

gives n . The proof that all supercuspidals have been constructed appeals to a

theorem (the Matching Theorem) that has been proved by global methods.

1

Let F be a p-adic (= locally compact, nondiscrete, non-Archimedean) field.

In this paper we prove:

(1.1)   Theorem. The irreducible supercuspidal representations of GL„(F) are

all induced from representations of open compact (mod center) subgroups.

In fact, we construct a set of inducing representations for the supercuspidals

of GL„(F). This should make it possible to do further calculations concerning

these representations. For example, in this paper we compute their formal

degrees explicitly.
The first major breakthrough in constructing supercuspidals for G = GL„(F)

was made by Howe [10], who gave a construction in the case p\n (the "tamely

ramified" case). Moy [19] proved that Howe had indeed constructed all the su-

percuspidals for these « . Meanwhile, Carayol [3] gave a construction for prime
« (including n = p). In all these cases the general outline was the same: one

first uses the similarities between G and D* (where D„ is a central division

algebra over F with [D„ : F] = n2) to construct a set of supercuspidals for

GL„(F), and then uses the Matching Theorem of Deligne-Kazhdan-Vigneras

[7] (see also [2i]) to show that the set is complete. The proof given here uses

the same procedure. In using the Matching Theorem, it is necessary to know

the number of irreducible representations of D*  with conductor less than a
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fixed number m. This information is provided in [14]. It is therefore not es-

sential in the second step to know (D* )A , although it is useful. However, the

construction of D* given in [4] is similar to (but simpler than) the one used

here. (We remark further in § 11 on the logical connections between this paper

and [4].)
The procedure described above for showing that one has found all supercus-

pidals can succeed only for reductive groups of type A„ , because only for such

groups is there a compact form of the group. For this reason it is important to

have "intrinsic" or "local" proofs of the completeness of the construction. For

GL„(F), « the product of two primes, Kutzko and Manderscheid [16] have

shown that all supercuspidals are induced. More recently, a proof of complete-

ness for the case («, p) = 1 has been given by Howe and Moy [11], and for the

construction in [10] (« prime) by them [11] and Bushneil [2]. These rely on
the theory of minimal .if-types, developed originally by Howe and Moy. The

construction in this paper seems well adapted to the minimal K-type picture,

and it would not be surprising to see a local proof of completeness in the near

future.

The problem of constructing supercuspidals exists, of course, for general re-

ductive p-adic groups. For GLm(D), D a local division algebra, the methods

of this paper seem to apply with only minor modifications. (These groups are

of course of type An .) Gerardin [8] gives a construction of some unramified

supercuspidals; more recently, Morris [18] has given a construction in a situa-
tion like the "very cuspidal" case of Carayol; Moy [20] and Asmuth and Keys

[1] have analyzed the situation for GSp4(F), Moy in the case p ^ 2 and As-

muth and Keys in general. A complete analysis of the general reductive case

will probably depend on advances in the theory of minimal .ri-types.

A very rough idea of the construction is as follows: supercuspidal represen-

tations are connected with anisotropic tori, and we should therefore look at
maximal compact (mod center) subgroups that contain such tori. In the tamely

ramified case (where « is prime to p), one then considers certain characters

of the torus that are appropriately nondegenerate. One then determines the

elements x of the subgroup such that conjugation by x fixes x. extends x

to this subgroup, and induces to get the supercuspidal. (In some cases there is

an additional step, that tensoring by a finite-dimensional representation like a

representation of the Heisenberg group. One may also need to tensor with lifts

of cuspidal representations of GLm (kf), where kf is the residue class field of

an unramified extension of F and m|«.) The general situation is similar, but

the characters are no longer characters on the torus; instead, they are defined

on certain subgroups of the compact open subgroup in a way that associates

them with the torus less directly. The key property is that conjugation by el-

ements of the torus fixes the character. That is, we concentrate more on the

group of elements fixing x under conjugation than on x itself. Eventually, we

define ^ on a compact-mod-center subgroup H such that only elements of H

fix x ; we then induce to create the supercuspidal. (Again, there may be the

additional step of tensoring with a Heisenberg-like representation or with the

lift of a cuspidal representation.)

We now fix some notation in order to give a more detailed description of

the construction. Let n = ef and let V = F" ; denote by <? the ring of

integers of F and by P its (unique) maximal ideal.   Define a lattice chain
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-S* = {..., L_1; L0, L....} in F" by

L0 = cf e • • • © (f   (n terms)

Lx=cf®---®cf@P®---®P   (/F's)

Le_x=cf® ■■■(£& @P®---(&P   (f(e- 1) F's)

Set

Lme+J=PmLj       (0<j<e-l).

A{ = {x £ Mn(F) = xL¡ Ç Li+J ViëZ},     j £%;        Ae = A

Ke = group of invertible elements in A,

K¡ = l+A{,        j>\,

r o     i    o   • ••    o

e >

(1.2)   wn =

0      0      1     •••     0

0      0     •••     0      1
lwF    0    .     0

e GL„(F)   (wF generates P),

we = Wj{,        Ze = group generated by we/j¡  , t-,e —    giwup 5C11CIÜIV-U  uy   Lue .

Then we: L, —► Li+X Vz and ZeKe is the normalizer of Ke in GL„(F);

Ke and the K¡ are all compact open normal subgroups of ZeKe. Further-

more, Wg = Wfl is central in GL„(F) and the groups ZeKe are maximal

compact (mod center) subgroups of GL„(F). If F is a field extension of F

with ramification index e and residue class degree /, then Fx embeds into

ZeKe. Therefore each ZeKe contains anisotropic maximal tori, and indeed any

maximal anisotropic torus is contained in a conjugate of some ZeKe . (This

description of these groups, using lattices, was introduced into the subject by

Bushnell.)
Let k C rf denote the set of solutions to Xq - X = 0, where q is the cardi-

nality of the residue class field <f/P . The elements in k give representatives

for cf ¡P, and we usually identify the two. (This should not cause confusion.)

Then

K?/K™+x S A™IA™+X S (Mf(k)Y    if m > 1, under 1 + y r-» y ;

Ke/Kx S GLf(k)e.

Write a typical element of Mf(k)e as a = (ao, ... , ae-X), where each a¡ £

Mf(k). Then we normalizes Kf and K™+x, and hence induces an action on

Mf(k)e . This action is independent of m ; in fact,

weaw7x = a"e, a°e = (ai, ... , ae_i, a0).

A similar formula holds for Ke/Kx . We also note a few facts about the relation

of KÍ and K¡, when e'\e. Let e = e'e0. Then K¡ ç K¡ if (/ -l)e0>j-l

and K¡', D K¡ if j'e0 < j. If x 6 A¡, n A{, then wex £ a{, nA¡+x. When

j'e0 - j, there are coset representatives for KJe/K¡+x  that are in KJe,   (mod
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For most of the paper, e (and hence /) will be fixed, and we will suppress it

in some notation. Let me = Mf(k)e and m* = GLf(k)e, so that any y £ ZeKe

can be written as

y = a0w¿°(l + axwe + a2w¡ + ■■■),

where the a¡ are preimages in Mn(cfF) of elements of me and a0 is the

preimage of an element of «i* . (We say more about the choice of preimages

below.) We usually write w for we and o for ae.

Let ip be a fixed additive character of F, trivial on PF but not on cfp , and

define Xx to be the character of M„(F) given by

Xx(y) = ipoTr(xy).

Then it is standard that x >-> Xx gives an isomorphism of M = M„(F) with

M~ under which (A^)1- = A\~s.

We are going to start with sequences of triples (sx, ex, f), ... , (sr, er, fr)

with the following properties:

(i)   Si > s2 > ■ ■ ■ > sr > 0 ;

(ii) ex\e2\- ■ -\er , f\f2\ ■ ■ ■ \fr, and 1 < exf < ■■■ < erfr;

(13) (Hi) er = e and fi = f ;

(iv)  for all i, f\Si and »?,(«/»?,_ i, s¡) = n

(where ( , ) is the greatest common divisor and Co = 1 ) ;

(v)  er = év_i if sr = 0.

We then construct supercuspidal representations n of G associated with these

triples.
The construction of n will occupy §§6-9 of this paper. The following is

a brief description (more remarks appear early in §6): We want to induce n
from a character x on a subgroup H that we construct. (As noted earlier, this

statement sometimes needs to be modified slightly.) Define H> - HnK/, ; write

Si = ftj, and assume that /■ > 0. We will have x trivial on Ke+X ; on K'7 ,

x(y+y) = Xx(y)

for some x £ AJh  (where x is defined mod Axe~h). Write

x = a_,, w~h -I-,        w = we ;

the terms after the first are arbitrary. We require that a^t]w~h generates a

field over F of ramification index Ci and residue class degree f . (Condition

(1.3)(iv) says that if a-hvo~u generates a field F(/|), then c(F(i|)/F) = c. .)

We then show that the elements of G commuting with y I,,     are those of the

form g = wxxw'x, where wx, w'x £ Kx and x commutes with F(/|). We also
'        t'

begin to define H by declaring that H'> = Kel , where t\ = [tx/2] + 1 .

Assume now that t2 > t\. We show that x has an extension xo to Kle2 such
than any element of G commuting with F(i]) commutes with #o- (We say that

w commutes with x if xiwyw~x) = xiy) whenever both are defined.) Using

this, we construct extensions of x to Kg2 (for now, we denote a typical one by

Xi) with the property that there exists a field E¡ of ramification index e¡ and

residue class degree f  such that g £ G commutes with X\  iff to = Wixw'x ,
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where wx, w'x £ Ke'~h+X and x commutes with Ex. The extension of x to

Ke2 that we want is, however, not Xi ■ Any extension of x to Kg2 agreeing

with xi on Kl2+l is of the form

*(l+y) = ;Ci(l + y)voTr(x'2y),

where x2 £ Aj'2 (mod Ae~h). Restrict attention to the elements y commuting

with Ei. Then there is a unique element x2 in the elements commuting with

E\ such that for these elements,

y/ o Tr(x2y) = y/ o Tr(x2y).

Again, x2 is defined mod Axe~'2. (The construction of x2 from x2 is essen-

tially the S'a-map of [15].) We require x2 to be such that Ex[x2] is a field

of ramification index e2 and residue class degree f2 over F. It then turns

out that there is a field F(,2), with e(E(tl)/F) = e2 and f(E(tl)/F) = f2, such
that the elements of G commuting with x are precisely those of the form

wxw2xw'2w'x, where wx, w'x £ K'e^'2+X, w2, w'2£ Kx, w2 and w2 commute

with Ex, and x commutes with F(,2). (This does not define F(,2) uniquely.)

We also set t2 = [t2/2] + 1 and H^ = #'■(Kg2 nGi), where Gx = subgroup of

elements in GL„(F) commuting with F» .

We now iterate this. This is, we show that if t-¡ > t\, then x has an extension

Xo to K'e3 such that any w £ G commuting with E(tl) commutes with #0 . (If

¿3 < t\, a modified version holds.) We then consider certain extensions Xi to

K'e with the property that for a field E2 of ramification index e2 and residue

class degree f2 over F, every w £ G commuting with E2 commutes with xi .

We require that #(1 +y) — X\H +y)V°Tr(Xjy) on K^ , where x'3 gives rise to

an X3 commuting with E2 such that <?(F2[X3]/F) = C3 and /(F2[X3]/F) = f ,

and so on. We also extend the definition of H ; of course, we need to show

that the new definition is consistent with what we have already done. (The

details are in Theorems 6.1 and 8.1; the induction hypothesis is complicated

so that we can carry along a large number of needed facts. In particular, we

compute exactly which elements of G commute with x\HJ for each j.) In

some cases, we eventually extend x to a subgroup H of ZeKe such that if w

commutes with x > then w £ H. (In other cases, noted above, we tensor with

Heisenberg representations or cupsidals.) This shows that x induces irreducibly

to a supercuspidal n .
The construction is so arranged that at any time, one is dealing with computa-

tions involving only some K}e/K¡+X . Another consequence of the construction

is that the "ii/2 problem" is eliminated. Set t\ = [ii/2]+l, as before. Then any

character x of K^/K^1 S Ael/Ael+X can be written as /(l +y) = y oTr(xy)

for some x £ Á¡u (defined modulo Ae~l>). This expression for x is of great

help in analyzing, for example, the elements w £ GL„(F) commuting with x ■

However, if we need to extend x to a subgroup of Ke properly containing

Kg' , then x no longer has such a simple form. Since the analysis given here

does not depend on the above sort of expression for x • the above difficulty is

obviated.
This construction of n parallels the construction of irreducibles in [4]. We

use counting arguments based on the Matching Theorem to prove that we have
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constructed all supercuspidals. Thus we need to compute the number of su-

percuspidal representations and of other discrete series representations with

given conductoral exponent, and compare that number with the corresponding

number for division algebras. We also compute the formal degrees of the repre-

sentations n . These latter computations are similar to those in [6]. They serve

the purpose of showing that supercuspidals constructed using ZeKe and those

constructed using Ze~Ke~ , with c~ ^ e, are distinct.

As mentioned above, the inductive nature of the construction means that

there are large numbers of details to verify at each step. Here is a brief de-

scription of the main points needing attention. We need to show that when we

extend the definition of H, the new definition is consistent with the old; this

involves knowledge of the structure of the (7, and in particular of their relation

to each other. The necessary material is developed in §§2 and 3. Section 2

also gives some terminology that is used throughout the paper. We also need to

show that x extends at each step, and, as noted above, we need to be able to

compute the set of elements x with xx — X (°n their common domain) at each

step in the construction of x • The basic lemmas for this are given in §§4 and

5. The main part of the construction is done in §§6 -9; the remaining sections

deal with such matters as computing formal degrees and proving completeness.

The reader may wish to read the rest of this section and §2 first, and then go to

§6, referring to results in the preceding sections as necessary.
This construction is surprisingly close to that given in [10] for the tamely

ramified case. Then the character x is always nontrivial on the field E^,

and one can thus associate irreducible supercuspidals with certain characters of

extension fields of F. Furthermore, the geometry (or algebra) of the tamely

ramified situation is simpler, and one can arrange to have F(/|) ç F((l_») ç • • • ;

this greatly simplifies many arguments.

We shall use some further notational conventions in this paper. Fix the

sequence 1 = fi\f2\-- -\f ■ There is an embedding of kf, the extension field

of degree / over k, in Mf(k) such that kf is diagonally embedded as block

/i x /■ matrices (with all blocks the same), kf is diagonally embedded as block

f2xf2 matrices, and so on. Fix such an embedding. Then (kf)e = kf x kf x

• • • x kf  (e factors) is embedded in me = Mf(k)e, and kf is embedded as the

diagonal. For each i, let m{' be the algebra of elements in me commuting

with kf . Then the algebra of elements commuting with m{' is easily seen to

be kj . We are, of course, using coset representations for me in the case where

char F = 0 ; in this case, the representatives for elements in kf can be taken to

be 0 or roots of unity in (an appropriate embedding of) the ramified field Ff

with [Ff : F] = f, and the representatives of elements in ml' can be taken

to commute with the cyclic group /<? , and hence with Ff. (In this paper, Ff

always denotes the unramified extension of F of degree f . The elements of

m{' are e-tuples of f x f matrices, each of which is a matrix of f x f blocks

where each block is an element of kf .) Notice further that the representatives

for each (k? )e form a finite group, and that those for (k ? )e form a subgroup

of those for (kf+l)e . We can choose the representatives of me so that

(i) they are closed under left multiplication by (k?)e ;

(ii) if a represents an element of me, y represents an element of kef , and

[a,y] = 0 mod A\ , then [a, y] = 0;
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(iii) a representative a is invertible iff its image in me is invertible.

Here is a proof. It suffices to find a set S of representatives in Mf(F) for

Mf(k) satisfying

(i') S is closed under multiplication by /t? ;

(ii') if a represents an element of Mf(k), y represents an element of kf ,

and [a,y] = 0 mod A\, then [a, y] = 0;

(iii') a representative a is invertible iff its image in Mf(k) is invertible.

(Given such a set, we simply embed Mf(F)e diagonally in M„(F) and replicate

the representatives.) We can obviously choose representatives satisfying (ii')

and (iii'), with 0 representing 0. The elements of Mf(k) divide into disjoint

orbits under multiplication by kf, and all elements of an orbit commute with

y £ kf. if one element does. For each orbit, choose a single element a £ Mf(k),

let a be its representative, and redefine the representative of ßa (for ß £ kf)

by ßa, where ß is the root of unity in Ff corresponding to ß . Now (i')-(iii')

hold. Since we picked the same representatives for each copy of Mf(k), the

representatives of me are stable under o .

We generally do not distinguish between elements of me and their representa-

tives; the justification will be given in Lemma 3.4, where we show how to go from

congruences mod A\ to equalities in GL„(F). We also write m{'(ei), where

»?/|»?, for the elements a = (ao, ... , ae-X) £ Me with a^e/e.)+j = a¡ V/ <

e-e/ei. For general a = (a0, ... , ae-X) £ me, we define Tr^ a — ¿~^J~0 ota'ee' ;

then TrCja £ me(e¡). We set Tra = Yf/Zo Tra,•; however, for a £ m{'(ei),

we set Tr(e,) a = £jL/0,,')_1 Tra7. Hence for a £ me, Tr(e,) Tre¡ a = Tra (in an

obvious sense).

I would like to thank Allen Moy and David Manderscheid for valuable con-

versations and suggestions concerning parts of this paper. I am also deeply

indebted to the referee for a superb job of reviewing the manuscript and ferret-

ing out misprints, obscurities, and the like. If errors remain, they are both my

responsibility and smaller in number than beforehand.

2

In this section we introduce some notation and terminology and give some

results on subgroups of GL„(F) of the form GL„0(F), where F is an extension

field of F with ramification index t?o and residue class degree fo (of course,

eo\e and fo is one of the fi), and <?oJo«o = n ■ We say that F is nicely
embedded if the following hold:

(i) F/o C F. (As in §1, F/o is embedded "diagonally" in M„(F).)
(ii) There is a prime element ¿¡ in F such that if we write ¿; as an «//0 x

n/fo block matrix (with each block consisting of an entry in Ff0), then

the only nonzero blocks are those with indices (i, j) such that i =

j mod «o.

Thus if we rearrange the blocks (numbering the rows and columns from 0

to n/ fo - 1) so that they appear in the order 0, n0, .. » , («?o - l)wo • ! ■ no +

1, ... , (t?n- 1 )«o + 1, • • • , «o- 1, • • • , n/fo-l, then »J is a "diagonal" matrix

of the form (<*o, • • » , ín0-i) • where each t¡¡ is an Co x ?o block matrix (whose

blocks are elements of Ff). We require:
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(iii) The & are all equal, and t\ generates A\a over A®.

For example, assume that « = 6, f0 = f=l, Co = 2. Then (i) is trivial, (ii)

says that Ç is of the form

a 0 0 b 0 On
0 c 0 0 d 0
0 0 e 0 0 /
£ 0 0 h 0 0
0 i 0 0 ; 0
0 0 k 0 0 /

(g, i, k £ PF ; other entries in ¿ff),

and (iii) says that a = c - e, b = d = f, g = i = k , and h = j = I. Notice,
incidentally, that every element of E is of this form, from our convention about

F/o and the fact that F/o[£] = F.
Occasionally we replace (iii) by

(iii') The ¿¡i are conjugate in GLeo(F/0) and generate Axeo (over A\]0) there;

we then say that F is embedded.
Recall that the permutation of rows and columns of a matrix in the same

way (so that the z'th row becomes the jth and the z'th column also becomes the

y'th) is achieved by a conjugation, x .-> P~xxP, where P is the permutation

matrix with l's in the entries labeled (z, j) and O's elsewhere. (A similar result

applies to block matrices.) Let P be the permutation implementing the above

permutation of rows and columns. Now let P~xnmP be the «ox«0 block matrix

(with eofo^eofo blocks) such that the (z, j) block is 0 unless / — 1 = 1 mod «o -
is I if j-i = 1, and is {0 if J = 0 and i = n0-l. Then (P-xn,P)"o = P~xtlP,

so that n"° = c¡ ; moreover, n* is an n/foxn/f0 block matrix (with block entries

in Ff0) such that the only nonzero blocks are those satisfying j — i = 1 mod «o .

Thus »o = n{^° generates A\ over A® and satisfies n^"0 = t\ and noar\^~x = aa

if a £ m{°(eo). In the example above, the permutation matrix P has the effect

of shifting the order of rows and columns (originally from 0 to 5) to 0, 3, 1, 4,

2, 5, so that

P~lCP =

a b 0 0 0 0
g h 0 0 0 0
0 0 a b 0 0
0 0 g h 0 0
0 0 0 0 a b
0 0 0 0 g h

Then

P~xntP

0 0 10   0   0
0 0 0    10   0
0 0 0   0    10
0 0 0   0   0    1
a b 0   0   0   0
g h 0   0   0   0
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and

■7» = m =

oioooo
0 0 10 0   0
a 0 0   b 0   0
0 0 0   0 10
0 0 0   0 0   1
g 0 0   h 0   0

Then matrix algebra M„0(E) is generated over E by w* and mA, (c0) or by

«* and mf,df(eo) for any i/ dividing n/fi¡—in particular, by n0 and m{°(eo).

When we say that F is nicely embedded, we shall also assume that n0 is of

the above form. We also say that M„0(E) or GL„0(F) is nicely embedded (or

embedded) if F is.
Call n and (eo, fo)-permutation matrix if it is an e0 x eo block matrix

where all off-diagonal blocks are 0, the diagonal are equal, and the common

diagonal nofo x nofo block is an «o x «o permutation block matrix (so that
each fo x f0 block is / or 0). Thus if fo = 1, then n is a permutation matrix
in which the first «o rows and columns are permuted, the next «o rows and

columns are permuted in the same way, and so on. Notice that if fo\fo , then

every (»?o, ̂^-permutation matrix is also an (»?o, ./ô)-permutation matrix; a

similar statement holds if »?o|<?o" • The ieo > ./o)-permutation matrices are all in

GL„0(F).

Say that an element of G = GL„(F) is a power-permutation matrix if each

row and each column has only one nonzero entry and if that entry is of the

form awF, j £ Z and a £ kx . Such matrices are products Flu, where n

is a permutation matrix and u = diag(aozoF°,... , a„-iwJF~l). Here is an

expression for these matrices in the form Yl%CüaJwl> aJ e me • Let b¡jj¡

(0<i,j<f-l;0<h<e-l) be the element (bo, b\, ... , be-i), where
bh, = 0 unless h' = h and the only nonzero entry of bf, is a 1 in the (i, j)

position. (As above, we label the rows and columns of the bf, from 0 to e - 1,
and those of elements of G from 0 to n — 1 ; extend the notation cyclically, so

that, e.g., the jith row and 72th row of bf, are the same if j\ - j2 mod e.) The

bij^h form, of course, the "obvious" basis for me . A straightforward computa-

tion shows that a power-permutation matrix is of the form Yl"=i aibi,,j,,h,'ajm' •

where the a¡ £ kx and the sets {fh¡ + i¡}, {f(h¡ + m¡) + j¡} (1 < / < «) run

through the conjugacy classes mod « .
Now consider the group Go = GL„0(F), where F is a nicely embedded

extension field, so that M0 = M„0(E) is generated by m(a(eo) and the element

«o constructed above. Let ¿¡ = neJe°, so that t\ is central in Go. Recall that

P~xc\P — {Co, ... ,$0}, a "diagonal" block «0 x «0 matrix with all diagonal

entries the same. Say that g is a power-permutation matrix of Go = GL„0(F)

if P~xgP is of the form Q{aQQ, ayQ , ... , a„0_i»f"<>-'}, where Q is an
«0 x «o block permutation matrix, the a¡ £ kf0, and the r¡ are integers. This is

consistent with our definition for GL„(F). Another description is as follows: let

b'iJh  (0<i, j<f/fo-U 0<h<e/e0-l) betheelement (b0, ... , be_i) £

m{a(eo) such that (a) the bh are periodic with period e/eo ; (b) for 0 < h' <

e/eo, bh> = 0 unless h' = h; and (c) b¡, has only one nonzero block, an I
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i/o'in the (i, j) block. The b\ h give the "natural" basis for «z/°(»?o) as a kf

space. We can describe n0 as an <?0 x eo block matrix each of whose blocks

is itself a block matrix with fo x f0 blocks; as a result, t]o is an «/To x n/ fo
block matrix where the blocks are elements of kf0, and the (i, j) block is

nonzero only if j - 1 = //./ô mod «0 • Hence the (z, j) block of t/q is 0

unless j -i = cf/fo mod «o » Then the power-permutation matrices of Go are

the elements of the form £"°, ai^\ ¡ h no' > where the at £ ki and the sets

{fhi/fo + ii} , {f(h¡ + m¡)/fo + ji} (1 < / < «o) run through the conjugacy

classes mod «o . As usual, Go = iKxn/fn n Go) Wo(Kxnlfn n Go), where Wo = group

of permutation-power matrices of Go .
V/o

An example may help. Let

for //o is
0
0
0

w

0
L 0

n = 6, / = 1 , and <?o = 2. One possible choice

0
0
0
0

m

0

0
0
0
0
0

VJ

1
0
0

w

0
0

0
1
0
0

w

0

0
0
1
0
0

w

(Of course, w determines F.) Write t = w2 + w , so that

t = 4 =

w

0
0

w2

0
0

0
w

0
0

w2

0
0
w
0
0

w2

-co

0
0
T

0
0

Therefore

£o = w2

w

T

One permutation matrix (corresponding to

Q =

and <fg , & , ig) is

rot 0    0 a 0    0
0 0    w 0 0   w
0 10 0 0    0
a 0    0 /3 0    0
0 0    072 0 0     T

0 0    0 0 10

0
w
0
0
T

0

0
0

w

0
0
T

where
OTT     £Z

a     b -a

(thus a = w (w + t) and é = crj3 + t2 ). If we had n = 12, / = 2, and

»?o = 2, the situation would be similar, but each entry would be replaced by a

2x2 matrix (corresponding to some element of kf).

In this paper, we will often construct F by constructing M„0(E). The fol-

lowing proposition is what we need:
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(2.1)    Proposition. Let eo\e and fo\f ■ Suppose that r]o£GLn(F) satisfies:

(i) no generates A\ ;

(ii) //o normalizes m{°(eo), and conjugation by n0 is a there.

Let Mo be the subalgebra of M„(F) generated by z/0 and «z¿°(»?o), and let F0

be its center. Write no = n/eofo ■ Then

(a) Fq = F/0[í/q °], and F0 is an embedded field;
(b) e(E0/F) = e0 and f(E0/F) = f0 ;
(c) [M0:E0] = n2.

Proof. The hypothesis implies that ?Jo commutes with kf and hence with Ff.

Since I, rjo, ... , z/q-1 are linearly independent over Ff (because elements of

FfC\AXg are in Aee), Ff[n] is a commutative subalgebra of dimension >ef=n

in M„(F). Therefore it is maximal and 1, f/o, ... , «q ' form an F^-basis for

F/[»7o] Q GLg(Ff). This shows that the characteristic polynomial for z/0 ç

GLe(Ff) is irreducible; hence Ff[n0] is a field. Then F' = Ff0[n^e°] is also a

field. Write [E' : F] = h; h > e0fo, since 1, i, £2, ... , Çeo~x are obviously

linearly independent over Fy0. In fact, e(E'/F) > eo and f(E'/F) > f0 .

Clearly kf0 (hence Ff0) and £ = n^*0 commute with m{°(e0); hence F'

commutes with m/°(»?o). We also see immediately that F' commutes with z/o •

But the algebra generated by z/0 and m{°(eo) is an F'-algebra of dimension

> «Q over F'.  Let Af~ be the commutant of F'; Af~ = Mn/h[E'].  Since

Mo ç M~ (because z/o and m{°(eo) commute with F'), these inequalities

imply that h — eofo and that M0 = M~. Thus we have e(E'/F) = eo and
f(E'/F) = fo. Because £ commutes with Mo, it must satisfy (i) and (ii) of

the criterion for F' to be embedded; because it satisfies an equation of degree

Co over Ff0, the £, in (iii') must be conjugate in GL„0(F/0).   D

Let Fo be nicely embedded, as above, and assume that f0 = f. Let z/0 £

GL„0(F0) generate Axeo, normalize mee°(fo), and act as o there. Say that y =

1 + yo £ G is (t?o, fo)-pure if there are integers c, I such that yo can be

written as ynl0 with y = (yo, ... , ye-\) £ me and the ya = 0 unless a =

c mod e/eo ■ Then if one writes yo as an e x e block matrix with foxfo

blocks, the only nonzero blocks are those with indices (b, b') such that b = c

and b' = c + l mod e/eo . It is easy to verify that if y is (Co, fo)-pure and g is

a power-permutation matrix for F , then gyg~x is (eo, fo)-pure; furthermore,

any element w £ Kx is a product of (co, fo)-rmre elements (corresponding to

distinct pairs (c, /)). We will sometimes need this decomposition of w . Often

w will be in a subgroup H ; it will always be easy to check when we use the

decomposition that the terms y are in H and that if g is a power-permutation

matrix for GL„0(F), then gxg~x £ H iff gyg~x £ H for every y~ in the

above factorization.

3

This section contains what might be called approximation lemmas concerning

nicely embedded GL„Ä(F^). Our running assumption for this section is that we

have embedded fields E\, ... , E¡, with e(Eh/F) = eh and f(Eh/F) = fh ; we
assume that 1 = co|c. I • • • \e¡ and that 1 = fo\f \ • ■ • \f¡, but we do not need to
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know that ef,fn > ef,_xfh_x. (In applications, this inequality will hold if h < i,
but not necessarily for h = i.) Set nh = n/e^ff,. Assume that M\, = M„h(Ef,) is

generated by mfeh(ef,) and an element nh suchthat nh generates A\ , normalizes

m{h(ef¡), and acts as o there. We let Fo = F , Mo = M„(F), and z/o = vj .

(3.1) Lemma. Let Ef,, Mh, and nh be as above, and set Gf, = group of invert-

ible elements of Mh . Suppose in addition that there are integers ti > t2 > ■ ■ ■ >

ti > 0 such that for h>2,

"h = Ôhtlh-l + Ch,h-2 H-1- Ca,i + Ca,o>

where ÇhJ £ Aeh~'J+l+x n M¡ and Sh £ Ffh. Then:

(i) For every Xf, £ Arer\Mh (h > 1), there are elements x/,_- £ Mh_x, ... , xo

£ Mo such that xh = y!)Zo xj and Xj £ Are+tj+,~'h, 0 < j < h - 1.

(ii) For every x„ £ KgHGf, (h > 1), there are elements y^_j e Gn_i, ... , yo

£ Go, such that xh = yh-iyh-2■■■yo and y¡ £ K¡+ti+1~th, 0 < j < h — 1.

(iii) If h > 1 and xh £ ZeKe n Gh but xh £ Kex, assume that xh £ Are

but x„ ^ Ae+X. Then there are elements zh_x e G/,_., ... , zo £ Go such

that xh - zh_xzh_2 • • • z0, zh£ AgT\ Gh_x but zh $ Ae+X, and z¡ £ K'eJ+l~th,

0<j<h-2.
(iv) Suppose that r-, r2 are integers and I < h < j < i. Then

(4'n¥A)(^nii/i)ç(4'+rînMA_1)T(4,+r!+'»-r'*n¥ft.2)T.-.+4'+rj+,'-i',

and similarly for (Are2 n Mj)(Arel nMh).

(v) Suppose that rx, r2 are integers and that 1 < h < j < i. Then

(Ar¿nMh)(Ag2nMj) ç (Ae<+r2nMh) + (Ag>+r2+t>-tMnMh_x) + --- + Ag[+r2+t'-th+l,

and similarly for (Are2 n Mj)(Ar¿ n Mh).

(vi) For each r > 0 and each h < i,

i+Aen Mh_x + Are+th-x~th n Mh_2 + ■■■+ A?''-'*

= (Kre n Gh_x)(Kre+h-^ n Gh_2) ■ ■■K'g+o-"-

is a group normalized by Gf, n ZeKe ; the intersection of this group with G/, is

Kre n Gh.

Proof. We use induction on i. For i = 1, the only nonvacuous part is the

statement in (v) that ZeKe normalizes Kre, and this is standard. For i = 2,

it suffices to prove (i) when X2 £ Are for some r > 0 (multiply by a central

element if necessary), and it suffices to do this when X2 is a power of n2

(any X2 is a sum of powers of n2 with coefficients in every Gf,). Now (i) is

clear because n2 = ux mod^'~Í2+1 with u» £ Gi, by hypothesis, and then
t]2 = u\ mod A'e'~t2+r. For (ii), write X2 = 1 + y2, with y2 £ Are, r > 0 ; set

V2 = yi + yo, as in (i). Then

x2 = (i+yi)(i + (i+yi)_1y0)-

Part (iii) is similar: we have x = z» + zo, as in (i), and then x =

zi(l + zr'zo). Part (iv) is trivial unless h = j = 2. It then suffices to prove

that nr2'nr22 C Arex+r2 n Mx + Are'+r2+,,-t2 n M0, and this is clear from (i). Part (v)
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is interesting only if ; = 2 and h = 1. Since Are2 nM2C Are2 f\M2 + Ae2+t'~l2,

this case is also easy. As for (vi), we need to show first that

Kre+t>-'2(Krg n Gx) = 1 + (Are n Mi) + Are+t'-t2.

If Mo 6 Ag+h~h and Mi £ AenMx, then (l+Wo)(l+«i) = l+Ui+(uo+UoUi) and

l + uo + Ui = (l+Ui)(l + (l + Ui)~xu0), with uo + uoUi, (l + Ui)~xu0£ Ae+tl~t2.

This set is clearly a group. That G2 intersects it in G2 n Kr follows from (i).

If x2 £ G2(l ZeKe , write X2 = zoZi as in (ii) or (iii). Then zo normalizes the

group because all commutators with elements of the group lie in Kg+t'~'2 ; z»

obviously normalizes Kre n Gi, and Kg+tl~'2 is normal in ZeKe. This finishes

the proof of (vi).
Now assume the result for i - 1 ; we prove it for i. For (i) it suffices, as in

the case z = 2, to prove the result for n\ when z* > 1 . For r = 1, it holds

by hypothesis. Assume the result for r - 1. Multiplying out the expansions of

nr~x and n¡, we see that we need to show that

(4-1+-V.-'» n Mh)(AXe+ii+í~tl n Mj)

C (Ae+lM~t¡ n Mh) + (A?'*-'- n Mh_i) + ■■■ + Ag+t>-'>

if h < j (or the similar formula if h > j). If h = j , this is obvious; for h < j,

this follows from (v). For (iii), write x = x,_. H-h Xo, from (i); then

x = x,_i(l + x(~ ,X,_2 H-hx(~ »Xo).

Now (v) shows that

x7_\xi-2 + ■■■ + x-'.xo £ (A'j-'~'' n M,-2) + ■■■ + (A'g2~'' n Afi) + A*}'1'.

From (vi), x7_\x £ (äJ'-1-'' n G¿_2)• • • (^¿2_íi n Gi)^'-'', and (iii) follows.
The proof of (ii) is similar, but we use

X= 1+X,_, -r-----r-Xo = (l-r-X,_i)(l+(l-r-X,_,)-|(x(_2 + ----r-Xo)).

Part (iv) follows from the inductive hypothesis unless either h = i or j = i.

If, say, h = i> j, then Ar¿ n M,- ç (^' n M,_i) + (4,+''-1"'' n Af,_2) + • ■ • +

¿Q+h-ti ^ an(j we agam get tije result from the inductive hypothesis. So the only

case to check is where h = j = i. Then (A'ex n M,)(Are2 n A/,) = (^^l+r2 nM,),

and the result follows from (i). As for (v), we may again assume by induction

that j = i. Write A? nM¡ = (Are2 nM(_,) + (42+i'-'~'' nAf*) + • • • + ATu~tl \

then use (v) (with j < i) repeatedly and note that (Ar¿ riMf,)(Ae+l'"i~'' C\Mh) =

Arei+r2+'"-'-unMh.

We still need (vi). Set Hr = (K¡ n <7/_i)(•*£"'"'"*' n G,_2) • • • K^'1'. Since

/7r = {(ZeKenGi-i)(Kre+'-l~',nGi-2) ■ ■ ■ K^'1^}^, this is a group by (vi) for

the case z'-l. To see that Hr = l+^nAf/.i +Ag+ti-l~'inMi-2 + ■■ ■ + Are+h~t' ,

write Kre n G,_i = 1 + A'g n A/,_!, etc., and use (v). To show that G, n Z^^

normalizes Hr, it suffices to see that zy, and G, n íTe normalize it. To verify

that t]i normalizes Hr, note first that n¡ £ nj(K'eJ~'i+> nG;_i)•• • .zY¿1_0+l ; this

follows from repeated use of (v). It is now easy to show that conjugation by z/,

maps ifr+''+'"''nGj into Hr. Since GiC\Ke/GinKx has coset representatives

that are also in every G¡ with j < i, these elements normalize Hr, and we
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therefore need only prove that G¡r\Kx normalizes Hr. Since (l-r-a)y(l-r-a) ' =

y + (ay - y a) - (aya - y a2) -\— , we see from (v) that this element is in Hr.   D

(3.2) Corollary. Let Hr = (^nG,.,)^"1"'1nGt_2) ■■■Kre+tl-'¡, let j > r,

and let h be the index such that tf,+i -t,+r < j <th-ti + r. (If j > ti-t, + r,

then h = 0.) Then Hr n K¿/Hr n K¡+x <=Ghn K]e/Gh n K¡+x, and

Hr nK¡ = [Kl n Gh)(Krg+t>-<- n G,_,) • • -Kre+t^.

The subgroups K%~u , Ke2~t¡ nGu ... , K^'1''1 n G,_2, Ke n G,_i normalize

Hr, as does z/,.

Froo/. Any element of Hr is of the form x = 1 + y,-i H-+ yo, with y¡ £

Af/n^f+í/+l"í/, from (vi). Suppose that x £ K¡ as well and that ; > í,_i -t¡ + r.

Then y,_i is the only term in the sum not automatically in A¿~1~ i+r ; since

x - 1 € 4'"'_i'+r, we must have y 6 4'-'"''+r» From (i), y G 4i~1~'í+r n

G/_i ç A*tl~ti+r n A//_2 + • • • + ¿é1_ti+' n Mo . Thus we may delete y,_, from

the sum (perhaps changing the other yh ). Proceeding inductively, we see that

x = 1 +yh-{-hyo, y, € Mir\Ae+tM~u , and yh £ A¡ as well. So modulo K¡+x ,

x = l+yA , yh £ Mf,7\Ag (and yh determined mod Mhr\Ae+x). The second part

now follows by a proof like that of (ii). For the last part, suppose that y £ Hr

and w £ K'h~lir\Gf,_i, and write w = l+wo . (As in Lemma 3.1, there are coset

representatives for Ker\Gi-i/KgXnGj-i that obviously normalize Hr, so that we

may assume w £ Kx.) Then wyw~x = y + (woy -yw0) - (woyw0 -yw^)-\— ;

from (iv) and (v) of the lemma, this expression is in Hr. We saw in the course

of proving Lemma 3.1 that z/, normalizes H ; since it also normalizes every

Kg , it normalizes Hr.   D

We now prove a similar result for power-permutation matrices. The hypoth-

esis that f-i = f is convenient and does not cause any trouble; it holds in
most applications, and in the others one can always work with the compositum

of F,_i and Ff..

(3.3) Lemma. Let notation and hypothesis be as in Lemma 3.1, except that

the Ef, are all nicely embedded, f = fi^i, and n¡ = z/,_• mod A2,. Then for

any power-permutation matrix x of G,, there is an element u £ (Kg"'''1 n

G,_2) • • • (Kg'"'1 n Go) such that ux is a power-permutation matrix of G,_» .

Proof. All the matrices we will deal with are block matrices with each f x f

block in Ff.. Hence there is no loss of generality in working only with matrices

commuting with Ff ; thus we may (and do) assume that f,: = 1. Because of

the way we have written permutation matrices, it is more convenient to show

that there is an element u such that xiz is a power-permutation matrix of

G,_i ; since the inverse of a power-permutation matrix is a power-permutation

matrix, this proves the lemma. (One could also give a direct proof, at the cost

of complicating indices.)

Before giving the full proof, we give an example to illustrate the procedure.

Suppose that « = e = 4, that <?■ = »?2 = 2, and that (writing w and vdf)

- 0     0    1   On r 0 0 1 0 -
0     0    0    1 0 0 0 1

^'"roOOO' tl2~    w 0 zj 0     -

.0    ro    0   oJ 10 w 0 zu.
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Then z/i is composed of blocks Ci and z/2 is composed of blocks £2 . where

0
m ¿2 =

0
w

1

w

Set a = 1 + ta , b = 2 + w

permutation matrices for Gi

They are

0      0      0
0
0

and c = 1 + 7>w + w2 , and consider the power-

G2 corresponding to [^q]- \%o\ respectively.

Xi =
0

L 0

0
w

0 w

x2

0
am2

0
/Jw3

0
0

w
0

0
bzu2

0
cw2

1
0

w
0

Notice that t\\ = £f [ Jé *] and f2 = £i [¿ } ] . From this, x2 = xi/c, where

a 0   b 0
0 10 1

roi) 0   c 0
0 0   0 1

it should be clear how k is constructed from the two 2x2 matrices above.

We return to the proof. We use the notation of §2 for power-permutation

matrices, so that b'r s h is the element (bo, ... , be-i) in mxe(e¡) (recall: f =

1) such that the bh, are periodic with period e/e,, è/y = 0 unless h! =
h mod e/e¡, and bf, has only one nonzero entry, a 1 in the (r, s) place.

Let uc be a matrix whose only nonzero entries are at indices (r,s), with

r = s = c mod n/e¡ = «,. Then it is easy to check that b'r s h n™'uc = 0 unless

s¡ + f(h[ + m¡) = c mod «,. Write a¡ = s¡ + f(h¡ + m¡). One consequence of
the above calculation is the following: let « be a matrix whose only nonzero

entries are at indices (r, s) with r = s mod n¡, and let «(C) be the matrix

whose (r, s) entry is that of « if r = s = c mod «, and is 0 otherwise. Then

,m.
^ri,si,h,ni ' * u - K,,si,h,n'i    " "a.

Let x = YSLi^^iT  and x> = E&i^^.^i-
Vi m'ilT-\ and set u = Y!j'=i u(l)a, ■ From the above remarks,

xu(l)a, = fl//3;,s,>,/«r • u(l)a, = a,b'ri<Sl>hlnTli ;

Write u(l) =

tSi-S¡-\ ntherefore x' = xu.  Furthermore, the construction gives u - 1 £ (A

Ms¡_2) -l-1- (Ag'~Si n Mo). This suffices to prove the result, by Lemma 3.1    D

The last result of this section is of a different sort; it lets us replace congru-

ences by equalities in certain circumstances. In it, we assume that the represen-

tatives of elements in me satisfy the conditions given in §1.

(3.4)   Lemma. Let fo be one off, ... , f, and let eo, s satisfy eo = e/(e, s).
Suppose that a is the lift of an element in kf such that (azus)e° = ywse", where

y is a root of unity generating Ffa/F. Assume that ß is our lifting of ß £ me

and that aß"' - ßa"' = 0 mod A\ . Then azus and ßwj commute.

Proof. By hypothesis, awsßwj - ßwjaws = 0 mod A{+s+x. An easy induc-

tion gives (aws)e°ßwj - ßvoJ (aws)e<> = 0 mod AJg+e"s+x , or (letting e0s = et)
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ywFßvjJ -ßwJyzUf- = 0 mod AJe+e°s+x. Since wF is central and y commutes

with w , this gives yß - ßy = 0 mod A\. Let y be the image of y in k^ .

Then yß - ßy = 0, or ß £ m{°. Since y £ Ff0 and we chose representatives

of ml0 to commute the representatives of kj , yß = ßy and the components

of ß commute with those of a . Therefore

awsßwj = aßaSws+J = ßaa'ws+i = ßwjazus

(both aß"s and ßa"' = a"' ß are in m¿°, since m{0 is closed under left

multiplication by ki and under a ; as aß"s = ßaa' mod A\, we must have

equality).   G

Remark. We often use this result with nicely embedded fields and matrix alge-

bras, replacing w with z/0.

4

In this section we give results about elements commuting with various char-

acters. The first few are like results in [4] and are used to prove that certain

characters can be extended; they involve commutators.

(4.1) Lemma. Fix e, and let x £ K^n(G, G), where r > 1 and G = GL„(F).
Assume that the residue class field k has more than two elements. Then there

are elements u¡ and Vj (1 < j < s) such that each Vj £ Kg , each u¡ is either

a¡w or a¡, where a¡ £ ra* , and

x = (ux,vx)---(us,vs)    mod Krg+X.

Proof. Suppose first that n\fr, so that e\r. We have

(a, 1 + ßzur) = 1 + (aß(aa')-x - ß)wr    mod K¡+x .

Let S = span of the elements aß(a"')~x -ß . Then x = 1 +yof is (modA^"1"1)

a product of these commutators if y £ S. We show that S — me when

card K > 2. Suppose that ô ± S under the bilinear map (y, Ô) = Tr yd.

Then for all a £ mx and all ß £ me ,

0 = Tro(aß(aa')-x - ß).

Replacing ß by ßaa', we get

0 = Tra(ßS-(oß)a~').

By the hypothesis on k , mx spans me . (If / > 1, then the matrix e¡j with

one nonzero element, 1 in the (z, j) place, is (I + e,j)-I if i -^ j ; if i = j, it

is (J+e¡j)-J , where J is a cyclical permutation matrix. If / = 1, we need k

to have > 2 elements; then the construction is easy.) Therefore this last holds

for all a £ me, and ßS = (Sß)"" Vß £ me. Let ß = (ß0, ... , ße-i) have

ßj = I and ßi = 0 for i / j. Then ô = (So, ... , <?«?-i) must have Sj■ = 0.
Hence ô = 0, and S — me.

Assume n\fr; let fr = nt, and write x = 1 + ywr -\-.A straightforward

computation gives

Detx = 1 -I- (lry)zoF    mod P'F
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Hence Tr(y) = 0. We also have

(aw ,1+ ßwr) = 1 + (aßaa~x - ß)wr    mod Kre+X .

Thus is suffices to show that the span 5 of the elements aßaa~x - ß is the

space T of elements y with Tr y = 0. Since S C T, we need only show that

S1- ç T1- under the bilinear form (y, ô) - Tr yô .

So suppose that 0 = Tr(aßaa~x -ß)6 = Tr ß[(a-xoa)a~> -â] for all a £ «z*

and all ß £ me. Then (a~xSa)a = S Va e znex . For a = /, we see that

ô" = ô, or that ô = (Ôq, So, ... , Sq); it is now also clear that Sq must

commute with every element of GLe(k), so that ô is central. But then S £ T± ,

and we are done,   a

Remark. An obvious induction lets us write x modulo K¡ (s > r) as a product
of commutators. Lemma 4.1 (like the other results of this section) will also be

applied to x £ K¡r\([ZgKenM„0(Eo)], [ZeKer\Mno(Eo)]), where F0 is nicely

embedded.
The next result depends on Lemma 2.2 of [4]. We give a restatement here

in a form that will be useful. Let sé = Z[[a, b]] be the ring of formal power

series in noncommuting variables a , b, and regard sé as a subring of 7% =

sé[a~x, b~1]. Let sé„ = ideal in sé generated by all words of length n . For

r, s positive integers, give each word in sé a weight by giving a weight r and

b weight s, and summing the weights of the letters in a word to get the weight

of the word (e.g., abab2 has weight 2z- + 3s). Consider

x = (l+a)(l+b)(l+a)-x(l+byx = (1 +a)(l + b)(l -a + a2 + - ■ ■ )(l-b + -- ■).

Given any integer « > 0, there exist an integer ;V > 0 and elements cx, ... , cn ,

di, ... , df/ £sé such that:

(i) x  is congruent mod sé„  to the product of commutators  (c{, di ) ■ ■ ■

(cN, dN) ;

(ii) dj - 1 is a word, c¡ is one of a , a~x, b , b~x, and CjdjCj1 £ sé ;

(iii) if dj - 1 has weight < 25, then Cj = a or a~x .

(One can replace (iii) by (iii') : if dj - 1 has weight < 2r, then Cj = b or

b~x . Note that if dj - 1 has weight 2s, then the proof implies that it cannot

be b2.)

(4.2) Lemma. With the above notation, suppose that Eq is nicely embedded in

M„(F) and that card(zc) > 2. Set Mo = M„0(Eo) and let no be the element

of M0 that generates A\, normalizes mee0(fo) = m0, and acts on mo as o.

Let x be a character defined on a subgroup H of Kx containing some Kg ,

with x trivial on K¡ , and assume that H is generated by a set of elements of

the form I + ßn], ß £ m* , and n¡ a generator of A\ over A°e . Assume also

that GL„0(F0) n ZeKe normalizes H and that {x - 1 : x e H} is closed under

multiplication and under multiplication by m^ and by z/0.

(a) If xw - X for all w £ m^ and for w = z/0, then xw = X for any

w£GL„0(Eo)nZeKe.

(b)//

(i) HCK¡;
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(ii) for all j >r the group Hr¡KÍ/Hr\K¿+x has a set of (coset representatives

of) generators y = 1 +yo such that for all such y, yo is invertible and

normalizes x ',
(iii) xyo = X ; and
(iv) Xwiy) — Xiy) for all y £ H n Kre+lt when w £ m^ or w = z/0,

then xw = X ion H) for all w £ GL„0(F0) n Ke.

Proof, (a) Any w £ GL„0(F0) n ZeKe can be written as

w = aonJ0°(l +axn0 + a2tjo H-),        aj £ mo and a0 £ m0x .

Since aoVo nxes X > we may assume that qo = 1 and jo = O. Furthermore, an

easy induction makes it clear that is suffices to consider monomials w = 1 +anJ0 ,

j > 0. Similarly, it suffices to consider xw(y)x(y~x) f°r generating elements

y = 1 + ßn\ £ H. If a is invertible, the result holds by an application of

Lemma 2.2 in [4]. If a = ß + y , where ß , y e m^ , then it holds because we

have

l+aw¿ = (l+ flw¿)(l + yw¿)(l - ßwlywi)

where for any 5 the formula holds mod Kse after finitely many terms. Since

the result holds for each term on the right (by Lemma 2.2 of [4]), it holds for

aw¿ . A similar calculation shows that a similar result holds if a is any linear

combination of invertible elements. But if k has more than two elements, then

every element in z«o is a linear combination of invertible elements.

(b) The proof is essentially the same. The main point to notice is that if

w = 1 + Wo £ GL„0(E0) D Kg and 1 + y0 £ H, then words in Wo and yo

that appear in the commutators and have only one wq can be taken care of

(according to the result given before the lemma) by conjugating by yo, and

Xya = x . Those with at least two tzz0's are all in H n Kre+2t, and there xw° = X

as well.   D

(4.3) Note. We often can apply the reasoning of Lemma 4.2 even when the

hypotheses do not apply. Suppose that we have a subgroup H of Kre , a char-

acter x °n H, an element I + y £ H, y = ßnr0 , and an element 1 + anJ0 =

1 + (ai H-h ah)nJ0 such that:

(i) a, e mg , all i, and ß £ m* ;
(ii) if w is any sum of words of the form UiU2 • ■ ■ um , where m > 2 and

each Uj is either y or an a,z/¿ , then 1 + w £ H ;

(iii) xx — X (i° that they agree on their common domain) if x = q,z/¿ ;

(iv) k has more than two elements.

Then the reasoning of Lemma 4.2 shows that ^((1 + anJ0, 1 + y)) = 1. When

we use this reasoning we refer to (4.3). It should be clear when we so refer that

the conditions are met. A similar argument shows that ß need only be a sum

of invertible elements.

(4.4) Remark. The restrictions on k in (4.1)—(4.3) are annoying. In our uses

of these results, it is possible to avoid the restrictions. Consider, for example,

Lemma 4.2 when q = 2. Let ;V be a large prime (larger than «), and let F~

be the unramified extension of F with [F~ : F] = N. Choose a character y/~

of F~ so that «y~|F = V • Then G embeds naturally into G~ = GL„(F~),
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and we have subgroups Z~, Kgr c G~ defined like Ze, Kre c G. In our

constructions of x and H, there will always be a corresponding character #~

on a subgroup H~ c K~ such that H~ = H il G and x~\H = X', furthermore,

the hypotheses of Lemma 4.2 will also hold for (zw~)^(t?o)x , the group in AT~

corresponding to m{(eo)x c Ke. Let Eq be the compositum of Fo and F~ .

Lemma 4.2 says that if w £ GL„0(Eq) n Z~K~, then (x~)w = X~ ■ For
w £ GL„0(E) n ZeKe = GL„0(Fq") n Z~K~ n G, we then see that w normalizes

H~ n G = H and Xw = X ■ This means that in all cases where we will apply

Lemma 4.2, it will hold even if q = 2. The same will apply to our uses of (4.3).

When we use Lemma 4.1 to show that certain characters extend (because they

are trivial on commutators), a similar argument extends the results to the case

where q — 2. In the rest of this paper, we will apply (4.1)—(4.3) to the case

»7 = 2 without comment. A similar remark applies to the following lemma.

(4.5) Lemma. With notation as above, assume that k has more than two el-

ements, and let x be the character on K¡ , trivial on Kre+X (r > j > 0), such

that ZeKe commutes with x ■ Then x factors through Det (and hence extends
to G as a character).

Proof. It suffices to show that / (y) = 1 if y £ K¿ and Det y = 1. Then y £
(G, G), and Lemma 4.1 shows that y is (modKre+x) a product of commutators
uvu~xv~x with x(uvu~Xv~x) = 1 •   C

(4.6) Lemma. Let x be a character on Kf, m > 1, that is trivial on Kf^ .

Let a besuchthat #(l + yrom) = y/oTr(a"my) = y/oTr(aya~m), Vy 6 me, and

assume that aw ~m generates a nicely embedded field Eq of ramification index

eo and residue class degree fo and that a £ K . Write Mo = ring of elements

commuting with aw ~m, Go = G n Mo. Let j < m, and let c», f satisfy

<?oki - /ol/i ■ e\jei. For ô £ keh , set

Xö(y) = x(wyw~xy-X),

where y = I + ywJ and w = I + èwm~'. Then:

(i) Xö(y) = 1 for all ô iffy £ Kin G0.
(ii) xs is trivial iff w £ Go ■

(iii) The xs exhaust the characters x* °n Ke trivial on Kei+x(Keir\Go) and

of the form x*(l + y^j) = ¥ ° Tr(eya J) for some e £ kj .

Proof. Consider the Xs. S as above. These ô obviously form a kf -vector

space of dimension e ; furthermore, we have

X(wyw~xy-X) =X(l + (yôa' -ôya""')wm)

= y/o Tr a(yôa' -âya"'~')a~m = y/ o Try(ôa°m~' - aôa"")a' .

This is identically 1 for all y iff [öwm~j, aw~m] = 0 mod Ae~!. As we

saw in Lemma 3.4, this means that ôwm~j commutes with aw~m , which

proves (ii). (Notice that F^aa?-"1)*»] = Ff0, so that the hypotheses of Lemma

3.4 are satisfied.) To see that the subspace of such â has dimension e/eo

over kf , written ô = (ôo, ... , <5<>-i), a = (ao, ■■■ , ae_i). Then ôa""" ' =

a8"m , so that (5;a,_y+m = oi-ma¡ for all z (all entries commute; we extend
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the definition of the S¡ and a¡ cyclically). Since the a, are nonzero, all d¡

with / = i mod zn are determined by o¡. Therefore the subspace of these ô

has dimension (e, m). But «?/(»?, j) = Co .

The characters xs are all trivial on elements y £ K{ n Go , since

X(wyw~xy~x) = y/ oTrô(ay" ™ - ya0')0"" ',

and the term in parentheses is 0 iff [ywj, aw~m] = 0 (see Lemma 3.4). This

proves (i).

If ß £ (m{l(ex))x , then ß commutes with wm and with x > so that

Xl(y) = X(^ßyß-Xw-Xßyß-X) = X(ßwyw-Xy-Xß-X)

= Xß{wyw-xy-x) = x(y)-

Hence every Xj commutes with (zrz/'(<?i))x and is therefore a x* ■

The characters x* satisfy

X#(y) = x#(\+ywJ) = y/oTr(eya')

for some e £ Kf . Since y/*(y) - 1 for yw} £ Mo , we have y/ o Tr(eya') = 1

if the entries of y are periodic with period Co, or i// o Tr(eo)(y Treo e) = 1 for

all such y. Therefore Trco(e) = 0. Thus the e in question form a ki -space

of dimension e - e/eo » Hence every x# is a Xô • and (iii) is verified.   D

Essentially the same proof used to demonstrate (i) and (ii) above also proves:

(4.7) Lemma. Let x be a character on Kf trivial on Kf+X and given on

elements y = l+ywm (y £ me) by x(y) = y/°Tr(a"my), where Eo = F[aw~m]

is a nicely embedded field with e(E0/F) = eo, f(E0/F) = fo, and a e kf .

Define Go = subgroup of elements commuting with aw ~m . Fix j, 1 < j < m .

For â £ me, define xs on K{ by

Xô(y) = X(wyw~xy'x),

where y = l + ywJ and w = l+Swm~J. (Hence Xô is trivial on K¡+x.) Then:

(i) Xs(y) = 1 for all 6 iff y £ K¡ n G0 .
(ii) Xs is trivial iff w £ Go (i.e., 6wm J commutes with Eo).    O

(4.8) Lemma. Let x • Eo, and Go be as in Lemma 4.7, but define Xs (for

ô £ mg) by Xs(y) = ^(tfyw'y-1)- w = àwj. Then:

(i) Xsiy) = 1 for all ô iff y £ Kg™ n GQ.
(ii) xs is trivial iff w £ Go.

Proof. We have

Xs(l + ywm) = y/ o ■Fra°m(ôy°'(ô-X)°m - y)

= tp o Try(a°m-'ô°~'(ô-x)°m-' - a°m).

This is 0 for all y iff aRa""Jôa~J(ô-x)a""' - a°m = 0, or iff (aôa"")a""J =

(aa'ôym ' , or iff aw~m and ôw> commute (this uses Lemma 3.4). The

other half is similar.   D
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5

This section is concerned with results used to show that if X^ = yf, then the

choice of x is restricted in some way. The first two lemmas concern conju-

gacy. Suppose that x = awm and x~ = ßwm , a, ß £ (kf)e (for some f),

are known to generate nicely embedded fields over F and to be conjugate in

GL„(F). We will need to know that they are conjugate in ZeKe. If the fields

that they generate have ramification index <?o • then e0 is the smallest posi-

tive integer such that e\eom; xe° = ywe°m, where y generates an unramified

extension over F . A similar statement applies to (x~)e° = Swe°m . Further-

more, y and ô are conjugate in m* . If we write a = (ao, ... , ae-X), etc.;

then yo = aoam ■ ■ ■ amieo-X) (where we extend the definition of the a, by mak-

ing them periodic mod e), etc., that is, y is a sort of norm. Furthermore,

e~xawme — (e~xae"m)wm . It is not hard to reduce questions about conjugacy

of these elements to the case zrz = 1 ; then the following lemmas give what we

need.

For a = (ao, a» , ... , ae_i) £ me , define

e— 1

Ne(a) = aa" ■ • • a"     = (aoai • • • ae_i , aia2 ■ ■ • ae_jao, ... , ae_jao • • • ae_2).

Note that the entries in Ne(a) have the same determinant, but need not be

equal unless e = 1 . Similarly, we define Ne.a = aa5''^'"'•■•a17'' ''' ; thus

y = Neo(a) above if m — e/eo ■

(5.1) Lemma. Let a, ß £ (me)x ; set y = Ne(a), S = Ne(ß), and write

y = (yo, ... , ye-\). etc. Suppose that yo, <50 are conjugate elements in GLe(k).

Then there exists e £ m* such that e~xaea = ß mod A\. If a, ß £ (kxY,

then there exists e £ Ke with e~xaea = ß .

Proof. Let y = (yo,... , ye-\) and S = (So, ... , Se-i) ■ We show first that the

lemma holds if 7o = ¿o • Set e = (bq, ..., ee-i) ', evidently we need to satisfy

e^'aoej = ßi

exxais2 = ß2

e7-iaf-i£o = ße-\ ■

Set eo = I. Then the first (e - 1) equations give

£i =oiöXßo,

e2 = a~xa^xßoßi,

Eg-i =aJ^2---axXaQXßoßi   ■•ße-2-

But now the last equation holds as well, since it amounts to the statement that

7o = ¿o •
In general, we know that So = C^'^oCo f°r some matrix £0 £ GLf(k). Set

C = (Co - Co - • • • - Co) • Then Ç~xaÇ and ß are o -conjugate by the first part of

the proof.
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If a, ß £ (kf)e, then there is a Co € GLf(cfF) such that conjugating by Co

is an automorphism of Ff taking y0 to ôo » We use C = (Co, Co, • • ■ , Co) to
reduce to the case where yo — So ■ The rest of the proof now goes as before, but

the congruences can be replaced by equalities because all elements a,, /?,, e,

are in kf.   G

(5.2) Lemma. Suppose that awj and ßw'e   (with a, ß £ (k?)e) generate

fields over F and are conjugate in G. Then they are conjugate in Ke.

Proof. Let (j, e) — r, e = rex, so that F[awj] has ramification index c» over

F ; let the residue class degree be f . Let (awj)ei = yw¡e' and (ßwj)e' =

âwjei . We have y = (yo, • • • , Ve-i) and ô - (Oo, ... , <5<?-i). where the y¡,

o¡ are all conjugate elements of kf . Thus we may (by conjugating) assume

that y = S. Since y = Neia, ô = Neiß, and conjugating, e.g., awJ by

e~x £me(e¡) gives e~xae"Jwj (where oJ and oei generate the same group),

Lemma 5.1 (applied with ae> , to the elements a; with j in a fixed congruence

class mod <?i ) gives the result.   D

We use these lemmas for a further result about conjugacy which we need

later. We will have characters x, X~ defined on Kf (m > 1), trivial on

Kf+x, and given on Kf by

x(l+y) = yvoTr(xy),        x~(l + y) = y/oTr(x~y),

with x = aw~m , x~ = a~w~m , and a, a~ £ mx .

(5.3) Proposition. Use the above notation. Suppose that x, x~ generate fields

over F and that for some w £ G, x(wuw~x) — X~iu) f°r all u £ Kf n

w~xKfw. Then x, x~ are conjugate in ZeKe.

Proof (adapted from [10]). By assumption, xwX~~x is trivial on Kfnw~xKfw

and is given by xwX '(1 + y) = ¥ ° Tr((w~xxw - x~)y) on Kf . Therefore

w~xxw - x~ £ (Af n w~xAew)± = A\~m + w~xAXg~mw , and there exist v ,

v~ £ AXg-m with

(5.4) w~xxw - x~ = i>~ - w~xvw ,        w~x(x + v)w = x~ + v~ .

Suppose that e(F[x]/F) = e0 and f(F[x])/F) = fo. Since <?o is the smallest

positive integer with e\eom , e(F[x~]/F) = eo also. Take »?oth powers in (5.4),

noting that (x + v)e° = xe° mod Axe~ea~m (and similarly for x~ , v~). Writing

z = w~e°m(x + v)e° and z~ = w~e°m(x~ + v~)e°, we have

w~x zw = z~

and z = ß mod Ax, z~ = ß~ mod Ax, where ß is a root of unity generating

the unramified extension Ff0 of F and y?~ £ Ff is also a root of unity. Then

for every N, zQ = zq mod Ag , as an easy induction shows. Therefore

zq -»y, where yq = y and y = ß mod A\. Similarly, (z~)9 -+ y~ , where

(y~)q = y~ , y~ = ß~ mod A\, and gyg~x = y~ . Let tp , <S> be the minimal

polynomials of ß, y respectively. Then tp(y) = 4>(y) = 0 mod A\ . If tp, O
were distinct, they would be relatively prime over k = cfF/PF and we would

have y = 0, a contradiction. So tp = <P, and ß, y are conjugate. Similarly,

)8~ , y~ are conjugate, so that ß , ¿8~ are conjugate. Therefore Xe0, x~e° are

conjugate.
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We may thus conjugate (using Lemma 5.2) to arrange that xe° = x~e°. Now

it is clear that x, x~ satisfy the same minimal equation. Therefore they are

conjugate in G ; Lemma 5.2 implies that they are conjugate by an element of

ZeKg.   O

The next result is quite similar to Lemma 2.18 of [15], but the proof given

here seems to be shorter and is certainly more in keeping with the methods of

this paper.

(5.5) Lemma. Let x be defined on K¿/Kg+X, with x = Xx on K'e, where

x = awe~' is such that F[x] is a nicely embedded field. Define G(X) = {w £

GL„(F) : wx = xw}. Let c(F[x]/F)|t?o and f(F[x]/F)\fi¡. Suppose that
b is a power-permutation matrix of some nicely embedded GL„0(Fo), with

e(Eo/F) = eo and f(Eo/F) = fo, and that xb = X °n their common do-

main. Let h, k £ Kg~j. If xk,bk = X, then kxbk = k\bk', with k'x,
k'£Kg-j+x(Ki-JDG{x)).

Proof. There are some technical issues in the proof that complicate the notation.

We need to work with groups K1., as well as the groups Kf , and we also need

to deal with intersections of these groups. We fix j as in the statement of the

lemma. Let u = tf/fi, and h-n/fo- We prove the lemma for Ke~j n K%~r,

using induction on r. We write the intersection as K(u~r), and let 'A^("~r+1) =

K^u-r+x)K^J+x ; calculations with K^u~r) are usually modulo '/c;(»-'-+1>. Let

a = Of, and let z/0 be a uniformizer for A\ in GL„0(Fo) (where eofo^o = ")

suchthat z/q is a prime in Fo and conjugation by z/o acts as a on mf(eo).

Observe that we can also write x = awT'", where a £ kj ç kf0 ç mf, ; this

shows that x — 1 °n K%+x.

As will soon be clear, in our calculations we are concerned only with k, kx
modulo \K("-'+1). (If, e.g., k' £ >Klu-r+V , then k'yk'~xy-x £ Ker^ for all

elements y under consideration.) We therefore write k = I + f5z/Q_r, ki =

1 +en04-r, where ô = (ô0, ... , Sh_x), e = (e0, ... , eA_.), and the 3,■, e, £

Mf0(k). Notice that some of the S¡, e, may need to be 0, since in general

K("~r) ji K^~r. If, however, o¡ need not be 0, then it can be any element

of kf0, and similarly for e,. We write S* for the element (S0, ... , S'h_x)

with ô[ = Si and all other o¡ = 0 ; we define e* similarly (and use a similar

convention for other elements of m/,). Since we are working modulo ,Kl~u~r+x^,

we may also write k = (1+ o^n^') • • • ( 1 + ôî_xn0'~r), and we may permute the

order of the factors. Similar remarks apply to zci .

We will be looking at the effect of x on elements y £ K¿' n Krh = L(r), for

convenience. Write 'L(r+1) = L(r+X)K¡+X ; it will be clear that we are interested

only in y modulo 'L(r+1). Thus we set y = 1 + ynrG and y = (yo, ... , 7h-\),

the y¡ arbitrary elements of Mfo(k). Mod Kj¡+XK¡+X ,

kyk-x=y(l + (ôy°"-' -yô°')nuo).

Note that l+ô*n0'~r and l + y*nr0 are (<?0 - /o)-pure.

For y £ L(r), whether byb~x £ L(r) or not is obviously important in deter-

mining xk>bk(y)- If y = 1 + y*r\o, then the fact that byb~x is (c0, ./ô)-pure

means that exactly one of the following three statements holds (independently
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of y*, provided that y* ^ 0 ; we consider only those i for which y* -^ 0 for

some y e L(r)) :

(i) byb~x i L«;
(ii) ôy/3-1 e 'L(r+" ;

(iii) ¿zy/3-1 = 1 + ^*z/5 mod 'L^1), where   1 + j5*z/¿  is an  (t?0, ./ô)-pure

element (like y) in L^ , and ß* ¿0.

We refer to the index z as a "down" index for r if (i) holds, as an "up" index

for r if (ii) holds, and as a "steady" index for r if (iii) holds. (We add "with

respect to V when necessary for clarity.)
An example of up, down, and steady indices may help; to keep the matrices

of manageable size, the example will not involve a character. Let « = eo = 3,

fo = 1 (here, h = e = n, so that we do not have any complications with pairs

of congruence subgroups), t  (= u) = 9, and j  (= r) = 1. Let

0
0

w

w

0
0

Since

y = i + (yo, y\, yi)^l = ! +

W  = Wp .

0       ö0w2

0 0
ô2w3      0

0
ôxw2

0

satisfies byb~x = 1 + (0, 0, <fo)tJ7* + (0, ô2, 0)w¡ + (ôx, 0, O)^10, we see that
0 is a down index, 1 an up index, and 2 a steady index for r with respect to b .

If r is a multiple of «o, then every index is steady for r ; in particular, every

index is steady for u. Furthermore, since (y,*»7o)(<5*+,.7o~r) is of the form Ç*«g

(where C* is in general nonzero unless y* or S*+i must be 0), and since i + r

is steady for u, we see that:

if z is down for r, then i + r is up for u - r ;

if i is up for r, then z + r is down for « - r ;

if z is ready for r, then i + r is steady for u-r.

It is also clear that if no element of the form 1 + y* z/q (y* ^ 0) is in L(r), then

no element of the form 1 + ß*+rn^'r (ß*+r ¿ 0) is in #<"-''>. It is not hard to

see that if i is steady for r with respect to b, so that b(l + y*n'7)b~x = l+ß*,nr0

for some i', then z' is steady for r with respect to b~x , and conversely.

The idea of the proof is this: suppose that k has only one nonzero index

(previous remarks show that we can reduce to this case). If it is an up index for

u - r, then bk = kob, where zc0 £ 'A^"_r+1, and we are done. If it is a down

index for u-r, then we show directly that k £ G/X). If it is a steady index for

u - r, then bk = kob, where zco corresponds to a steady index; we show that

the entry for kxko in that index is in G(X)Ku~r+x. That takes care of k (and

of the steady indices for kx ). To deal with zq , we need to look at elements

of L'r+1) that are conjugated by b into L(r) ; equivalently and more easily, we

repeat the analysis for (kxbk)~x .

Here are the details. Suppose first that z is down for r. Then i + r is up

for u-r, and b(l +Ô*+X~r)b~x £ '^"-^D . Hence 6(1 +<5*+rz/0"~r) = h+r)b.
where zc(/+r) is of the form required by the lemma. Thus we may assume that

6*+r = 0 if i + r is up for u = r.
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If i is up for r, then i + r is down for u-r. Write k = k(i+r)k'k" , where

k{i+r) = 1 + 3*+rn^r and k' = I + (3 - 3?+r)ny, so that k" £ 'K^-^ . Let

y = (k")~x(l +y*nJo~x)k" = (k")-xy¡k", say. Then k' and y commute, so

that
kyk~x = k(i+r)yik-x+r) = y,    mod Kue ,

and bkyk~xb~x £ K(-k+l'> because i is an up index for r. Since kx e ÄT("~r),

bkyk~xb~x = kxbkyk~xb-xk7x mod /:A"+1. Therefore

X(bkyk-Xb~x) = x(kibkyk-xb~xk7x).

By hypothesis, ^(/3zcyzc_1/3_1) = ^(zcyzc-1). So we must have ^(zcy/c-1) =

x(y) , or
z(fc(i+r)yifc(7+r)) = x(kyk~x) = x(y) = x(y.) •

The last equality follows from the fact that k" £ ,K(-U~r+X'), so that y = y,

modulo AT£. Thus

1 = XÍW^TVr1) = *(1 + (¿iW?"""' - y;^;)%")    for all y*,

and Lemma 4.7 says that kt¡+r) £ G(X) (because ^(1 + (3*+rea"~r -e3*^)n^) = 1

if e = (ei, ... , eA_i) and e* = 0).

Now suppose that i is steady for r and that b(l + y*r\r0)b~x = 1 + /?*,z/q

mod 'L(r+1>. Then 6(1 + á;+ii70~r)6_1 = l + £+/'fcT' (i-e" the only nonzero

entries for the coefficient of z/Q_r in the expansion of ¿>(1 + 3*+it]Q~r)b~x are

in entries = r + i' mod h/eo). As in the case of indices that are up for u - r,
we may replace b(l + 3*+¡n0,~r) by (1 + Ç*+i,r]Q~r)b and assume that 3* = 0.

We may thus assume that k — k'k" , where k' now has entries only in indices
that are down for u-r (so that k' £ G(x) nK^u-r^) and k" e '#("-''+1). Then

for y = {k'k")-1 {I + y*nr0)k'k" = (k'k")-xyik'k", we have x(y) = X(y¡) ■ So

X(y) = x(k2bk'k"y(k'k"rlb-xk2x) = x(k2byib-xk2x)

= x(bytb-x)x(i + (Chr^f" - yPiChrfWo),
by a calculation like the one done above. Since x(by¡b~x) = x(yd by hypothe-

sis, we must have

x(i + (Q+r(yr)a,"r-Q(yhr)ar)riro) = L

Because y* can be arbitrary (with entries only in indices = V mod h/e0), we

conclude by Lemma 4.7 (as above) that 1 + C¡*+r»7o e G<X).

We have shown that if xklbk — X on their common domain, then we may

assume that k £ (G(x) n K^"-r))'A:("-r+I> and that kx = k[k['k¡ , where k[ £

>K(u-r+i) ( kn 6 ^(r) n q(x) ( an(j fc* = i + e^-r with the only nonzero entries

for e in the indices that are up or down for b~x . Apply the above argument

to k-xb-xk~x. Evidently k~x ■ (k'xk'x')-x £ (G{x)nK^-r)yK^-r+x^, so that we

need only concern ourselves with b~x(k¡)~x. Since

(k;)'1 s 1 - en^-r mod(G{x) n K^-r)yK^u-r+x),

the above proof shows that b~x(kx)~x = k0~xb"xk0~x, where k^1,  k0~x £

,K(u-r+i) _  Hence k*b _ íctico, where *<,, k0 £ 'K^-'+V ; the lemma fol-

lows.   D
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6

We now start the construction of the representations />• that induce to su-

percuspidals. We begin with the sequence of triples (s¡, e¡, fi), 1 < i < r,

satisfying the properties of (1.3). For the moment, we assume that s> > 0;

the case s» = 0 will be dealt with later. Let t¡ = s¡/f and «, = n/e¡f¡ ; set

e0 = fo = 1. For t, > 0, set t\ = [t¡/2] + 1. Let r0 be the largest index with

tr0 > 2iV0+i or, equivalently, t'r > tro+i (if no such index exists, set r0 = r).

Write t'¡ = ti + l- t'i, so that t'¡ = t\ if t, is odd and t'¡ = t'¡-l if t¡ is even.
If t¡ = 0 (so that i = r), set t" = t\■ = 0. Define numbers Cj by

fy   E   P(fi/fi-id)(qfi-id-V),        p = Möbius function;
h   4f/-i\fi

{1 if i/+i < j < t, and <?!;<?,;

qf' if ti+i<j <ti and e\je¡;

qf if 0 < / < ir ;

qf-l     if j = f)<tr.

(The Ci depend on the (s,, c,, y)), but we do not indicate the dependence in

the notation.)
The major result in the construction, given next, is analogous to Theorem 3.1

of [4]. Before stating it, we give an indication of the strategy to be followed in

the construction. We begin with a character x defined on K'e' and trivial on

K'g,+X . Such a x can be defined by

X(l+y) = ¥0^(awg-t¡y)   Vy £ A'¿ ,

for a unique a e me. (In fact, #(1 + y) = ¥ ° Tr(xy) for any x = awf'1

modulo Al~Sl . We are making the simplest choice of x, in some sense.) We

require that awe~'[ generate a field F(il) with e(Eitl)/F) = <?i and /(F(i])/F) =

f\ . Up to conjugacy, this turns out to give Ctl choices for a. We then compute

the elements g £ G such that x(gyg~x) = X(y) on their common domain (we

say that such an element commutes with x) ■ This set includes G(,,), the group

of elements commuting with F(il).  (G(/l) = GL„/ei/, (F((l)).)

The next step is to show that there is an extension xo of x to Kg'~x such

that g commutes with xo if g £ G(/|). The point of this step is that any

extension of x to K'e[~x must be of the form x = XoX\, where X\ is trivial

on K'e' . Therefore we can find a convenient expression for Xi like the one

given above for x °n Ke ■ It turns out that two extensions ^0/i and xoXÎ'

are conjugate if they agree on Ke'~x n G((|). Therefore we need only look at X\

on this subgroup. It is given there by

X(l+y) = y,oTrfaif-'jjO   Vy e 4'"' n MM,

where Afy,) = M„jej{(E(tl)) is the set of elements in M„(F) commuting with

E(t,), ai £ me n Mitl), and z/(r|) £ G((|) is an element that plays a role in G(,,)

like that played by roe in G. If t2 < h - 1, we require that axn7'l £ F(/|) ; if

t2 = ii — 1, we require that a-z/,"'*' generate an extension field of F(il) whose

ramification index and residue class degree (over F) are e2 and f2 respectively.

Cj =
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It turns out that there are Ct,-i choices of a- (up to conjugacy) in each case.

Let x = XoX\ ■ We now compute the set of elements of G that commute with
X. In the first case (t2 < i» - 1), this set contains the group G^-i) of all

elements of G commuting with some field F(fl-i) such that e(E{h_xfF) = ex

and f(E(h-\)/E) = f , but we need not have F((l_i) = F(/l). Similarly, in the
case where t2 = t\ - 1 there is a field F(z,-i) = F(Í2) such that c(F(Í2)/F) = <?2,

f(E(h)/F) = f2 , and any element g commuting with F(,2) commutes with x >

but F(,2) need not be the extension field of F» generated by a\n7'i . It is the

fact that these fields can vary in odd ways that makes the wild case (p\n) more

difficult than the tame case (p\ n) ; we say more about the tame case later.

Having found F(,,_i), we now continue to A^1-2 and repeat the procedure.

There are some variations that occur as we continue the induction. For example,

Kg'/Ke'+X is an Abelian group, but Ke'~ /K'e,+X is not; we cannot extend x asa
z'-i

character to all of Ke[    . This means that as we go along we need to extend the

definition of the group H on which x is defined. As this sketch undoubtedly
suggests, there are large numbers of other details to verify in the course of the

proof.
The reader may wonder why this procedure is natural or even reasonable. It

was prompted by the need to solve three technical problems. First of all, super-

cuspidal representations should correspond somehow with characters associated

to maximal anisotropic tori, but in the wild case nonconjugate tori (= maximal

embedded subfields) can lie very close together, and the characters naturally as-

sociated with one of these tori tend to be characters on subgroups of GL„ that

may be trivial on the intersection with the associated torus itself. The above

procedure does associate x with tori, by associating x with the fields F(;) ; one
can think of the induction as providing a sequence of fields that approximate

the field associated with x ■ A second problem is that describing the character

X becomes increasingly difficult as one goes on. On Ke' , /(l +y) can be given

as <// o Tr(xy) for an appropriate x, but for larger groups there seems no easy

way to describe x • The procedure given here obviates the need for a detailed

description of x ', one simply needs to describe how x extends one layer at a
time, and the necessary information is given by #0 . Thirdly, describing the set

of elements commuting with x becomes increasingly difficult as time goes on.

It becomes manageable in this inductive procedure because if we have defined

X on HP\KJe~x , then any element that commutes with x there also commutes

with x\HnKj ■ This simplifies computations considerably. In fact, we will see

that virtually every calculation reduces to one on Ae/A\ .

(6.1)   Theorem. There exist fl/U' Q choices of fields E\,..., Ero, elements

■7(z,)» • • • , r](t'r ) £ ZgKg, and characters x on subgroups H0, nonconjugate under

ZeKe and trivial on K'e1+X, with the following properties (in the rest of this

statement we use the notational convention that for an index j, i is the largest

index with t¡ > j) :

0) "(j)y%) = y" f°r al1 ye meie¡).

(2) n(j) generates A\ (asan ideal of Ae). Indeed, z/(7) = z¡we mod A2, with

ej£(k*y.
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(3) Eij) = Ff.[tfj?'] is a nicely embedded field extension of F with ramifica-

tion index e¡ and residue class degree f. (Recall: [Ff : F] = fi, and Ff is

unramified over F.) This means also that n^ and nfjf' are related as described

at the start of §2.
(4) Let MU) = Mn,(EU)) ç G and M¡ = M{l¡+¡+x) (and Mro = M^). Then

Mij) is generated over F(;) by n^ and m{'(e¡).

Write Gy) = (group of invertible elements of My¡) = GL„,(F(;)), G, = group

of invertible elements of M¡ = Af(í/+1+i), F, = F(í/+I+1) (for i < r0), Gr<¡ = G(í;o),
etc.

(5) If j # t¡, then r\U) is of the form nu+x) + y,-X + ■■■ + y0, with yg £

Mgr\Ags+'~J+ . If j = t¡, then n^ is of the form C.z/i-i +y»-2H-l-yo, where

the yg are as before and Cz £ (kf )e ■

(6) Ho = k}(k} n GO • • • (¿g'0 n Gro_0, and

HonK¡ = k}(k} n Gi)---(ä? nGh_i)(K¿ n Gh),

where h is the index with t'h+x < j < t'h. (We set to = t'0 — +oo.) In particular,

H0 n Ki/Ho nif's K{ n Gh/K¡+X n Gh.

We define H¿ = H0n K¿ .

(1) The set of elements in ZeKe commuting with x\H¡ is

Kce'(Kcg2 n G,)• • • (K? n Gi_x)(ZgKe n GU)),

where c¡ is the smaller of t'/ and t¡ + 1 - j ; this set is a group and normalizes

H¿. Furthermore, x(gyg~x) = X(y) whenever g £ GLni(EU)) = GU) and y,

gyg~x £ H¿ (i.e., Gy) commutes with x\H>) ■

(8) Let t'h+l < t¡ < t'h, so that G.-_- commutes with x on Hq'+x and

H¡j/H¡j+X S GhnKti/Gf,r\K''+x. Then one can write x\Hu as Xo,iX\,i, where

(i) G,_i commutes with xo,i\

(ii) X\,i is trivial on Hl0i+X ;

(iii) OnH^nGi-i (see the note below), we have

Xi, ,(1 + yVf-1) = ¥° Tr(i'" ■ » (af y),        ye m{'~ ' (<?/_, ),

where F,_ i [a,n ".'',] = E7, is a nicely embedded field satisfying e(E7)/F)

= e¡, f(EyF) = f;
(iv) the matrix algebra M7, of elements commuting with F,~, has an ele-

ment z/{~) generating A\ such that n~t^, m{'(ei) generate A/£\ as in

Proposition 2.1, and t]?¡s = t¡'t¡) mod A2.

Note that in (ii) and (iii) we are describing x\,i only on part of its domain,

namely on H¡¡+l(H¡¡ n G,_0 ç //¿' = Ht'+l(HtQi nGh_x).

(9) Suppose that jo < j ; let g > i satisfy e\j0eg . Let x* be a character on

Gi-iC\KJ00 trivial on G,_.nA:/0+1 and on G, n K¡°, of the form

X*(l + yriti) = ¥°Tr(ßy°~J0),        ß£k}g.
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Then there exists w = 1 + ¿¡z/'L/0 . with 3¡ e ki  and 3f' ' = <$,-, szzc/z í/zaí

/(tzzytzj-'y-1) = x*(y). y € G,_i n Kt.

(10) //" t\ < j < tj, then any extension of x\H>¡ to a character on Hi extends
0

(I

to a character on H0>.

(11) The x are nonconjugate under ZeKe, in that if Xi > X2 are distinct

characters on F/o, i » #0,2 respectively, then for any z £ ZeKe, xx and X2 do

not agree on their common domain.

Proof. The proof is by backwards induction on j ; it is long and complicated.

There are five main steps:
1. Proving the theory for j = t\.
2. Proving a technical lemma that says roughly that if we have x defined on

H¿ so that Gy) commutes with x > then x has an extension xo to H¿~x such
that Gij) commutes with #0 . The value of this lemma, as noted in the remarks

before the statement of the theorem, is that any extension of x to H¿~1 differs

from xo by a character that is trivial on H¿ . This gives us a concrete way of
describing all such extensions.

3. Proving the inductive step (to j - I) in the case where e\(j - l)e¡ (as

before, i is the largest index with j < t¡). This is the easiest step.

4. Proving the inductive step in the case where e\(j - l)c,, but j - 1 -^ i,+i .

5. Proving the theorem in the case where j - I = t¡+i .

In this section we do the first two steps; the rest of the proof is given in §7.

Before beginning the work of the proof, we shall set some notation and at-

tempt to explain the meaning of (l)-(ll). Properties (l)-(4) give a useful

working description of the groups G¡¡) and the fields E<¡), and (5) shows that
these groups are related in a way that makes the results of §3 applicable. Prop-

erty (6) gives a description of the group Ho on which the character is defined.

(Note that H0 is not given at the start of the theorem, but is instead defined

inductively in the course of the proof. When we reach level t¡, Hl0' is de-

fined; the definition involves G,_» = G(/|+i) in a critical way. Property (5) and

Lemma 3.1 show that, for instance, the definition of H0'~'  does not change

when we later define H0[ .) Property (7) gives important information about the

elements of G that commute with # I „.,■ ; a full description of this set is given
"0

later, in Theorem 8.1. Properties (8) and (9) give technical information about

X used in proving some of the other properties; specifically, (8) is used so that

we can apply Lemmas 4.7 and 4.8 when considering elements commuting with

X (as we must when proving (7), and (9) is used to construct fly-i) from z/(7).

Property (10) means that we have a certain amount of freedom in extending x ■

The nonconjugacy statement in ( 11 ) will be used to show that the supercuspidals

constructed are all distinct.

Our list of properties is redundant, in that some of the properties imply

others. For instance, (8) => (9) by Lemma 4.7, and (5) =>■ (6) by Lemma

3.1 and Corollary 3.2 (the first part of (6) is definition). Next, (5) also implies

that the set in (7) is a group, because of Lemma 3.1, since the c, in (7) always

satisfy Ci-i-Ci < i,-i -/,. Finally, (6) and (7) imply (10), since the commutator

subgroup (//q , Hq') C //¿' and an argument using (4.3) shows that / = 1 on
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the commutator. (If x = 1 + yn\ and y = 1 + 3r\\, where r, s > t\ and y,

3 £ (m{'(ei))x , then all words in (x - 1) and (y - 1) are in Lf¿', and Lemma

4.2 applies.) Thus we shall not prove (6), (9), or (10) in the induction.

In the inductive part of the proof, we assume the result for j ; i is the largest

index with t¡ > j, and h is the index with t'h+i < j <t'h. The reason for listing

h is that H¿~x/H¿ S GhV\KJe~x /Gh nK¿^ mfeh(eh) ; however, h does not play

a major role in any arguments. We generally use g and / as indices.

At times, we shall use (4.4) to deal with the case where k has two elements.

What we need to know is that for some large prime N, if we work with GL„(F#)

(where Fv is the unramified extension of degree N), then we can perform the

construction (on the composita of the fields F(;) with Fv), getting a character

X~ on a group H$ such that Ho - H£ n GL„(F) and X~\H — X ■ It should

not be hard to see that this is always the case.

When j-1 is not one of the "jump indices" t¡+\, the objects F(j-i), G(y_i),

etc. satisfy the properties for F(7), G/j), etc. It may be used to regard, e.g.,

F(.,), F(il_i), ... , F(Í2+2) as successive approximations to Ex = F(,2+.).

If p\n (the "tamely ramified" case, treated in [10]), it turns out that we

can always take £zj-i) = F(7) when / - 1 is not a jump index. (This is the

point of the "geometrical" lemmas in the first part of [10], which show, e.g.,

that Mt,t) 0 M(j¡} = M, where M{jt) = {x £ M : Tr(xy) = 0 Vy £ M{h)}.)

Furthermore, at a jump index, we have E^_X) = E?j_x, (see property (8), (iii)),

so that Ex c E2 c ■ ■ ■ C Ero. This simplifies the description of / and also
simplifies many details of the construction. The reader may wish to compare

the construction that follows with that of [ 10] when both apply.

The proof is so arranged that at most points in the argument we need be

concerned only with a character Xi (related to x) defined on some H{¡ and

trivial on H{¡+x. (This may indicate the importance of (8).) We often need an
argument, using Lemma 4.2, to reduce to this situation, but it may help to keep

this organizational principle in mind.
We now give the proof for the case j = ti . The characters on Kg' trivial on

K'gl+X are of the form

X(l +y) = y/ o1r(aiWfhy),        y £ A'¿ and ai £ me .

We require that a¡ £ kf , that F[aiwe~1'] = F((|) have ramification index e»

and residue class degree f\, and that Ff ç F(íl). Up to conjugacy, the number

of choices for a» is the number of primitive elements for kf ¡k , with elements

equivalent if they have the same minimal equation, namely Ctl . We fix one

representative for each conjugacy class. Notice that (air^-'1)*1 = yiWFa , say,

where the entries of y- are all equal. Since the entries of a< all commute

and the Ith entry of y< depends only on those entries of ai with indices

= / mod e/ei, so that y» = Nei(ax), we may arrange to have the first e/ex

entries of a- equal, the next e/e- entries equal, and so on. Pick one ax of

this form in each conjugacy class; for this choice, aiwe~'' commutes with every

(ci, /i )-permutation matrix, and F(i[) is nicely embedded. For appropriate a,

b£l, (aiWe~u)awbF is of the form 3wee'e', since (r., e) = e/ex ; F[3w¡le'] =

Eitl). Furthermore, 8 = (3o,3x, ... , 8e-i) £ (kf)e, with oo = S\ = ••• =

4/é>,-i , 8e/e, = ■■■ = 82e/ei-i, etc. Let y» = (1, ... , 1, 80, 1, ... , 8e/ei, ■■■),
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where there are e/e\ - 1 ones between the 3s, and set z/(il) = yxwe. Then

w^j1 = 5welei , so that F[rfJV] = F(<l). We can easily insure that y< £ kf .

We next check properties (l)-(ll). Property (1) is easy, since ax commutes

with m£ ; (2) is immediate, and it is also clear that (3) holds. As for (4),

note that r¡ití) and m^(ex) commute with axwe~tl and are therefore in Mtti).

They generate a vector space of dimension n\ over Eiti), and hence generate

Mij). (5) is vacuous, and we checked (11) above; for (8), let Xo,\ — 1 • For

the second part of (7), set axwe"h = u. If g £ G<h), then [g, u] = 0. So if

y, gyg~x £ ¿e , then /(l + gyg~x) = ¥ oTr(ugyg~x) = y/ o Tr(g~xugy) =

¥°Tr(uy) = x( 1 +y) ■ The first part of (7) is a bit more work. It is easy to check

that Kx and ZeKe n G{h) commute with x\K<\', note that (Kxe , Ke') C K'e,+X .

Conversely, any element of KeZe can be written uniquely as

w = (l + ßiw H-)ßo^ok = WiWo,       ßi £ me and ß0 £ mx .

We know that Wi commutes with x '■> thus the hypothesis says that xw° = X •

By Lemma 4.8, Wq commutes with u.

We now give the technical result of the second step. It is analogous to Lemma

3.8 of [4].

(6.2) Lemma. Retain the notation of Theorem 6.1. Let x (as above) be defined

on H¿ , j > t'ro, and let i, h be as defined above in the proof of Theorem 6.1.

Assume that Gij) commutes with x ■ Then x has an extension xo to H¿~ '
such that Gij) commutes with xo ■

Remark. We shall actually prove slightly more about xo > since we shall show

that Gy) commutes with xo once a fairly small subset of Gij) commutes with

Xo ■ This may be useful elsewhere. In addition, the proof uses little about Gij)

except that F^* is nicely embedded, Gij) commutes with x » and elements of

Gij) have the "normalizing" property described at the start of the proof; thus

we can often apply the result to groups other than G(j).

Proof of the lemma. In this proof, we assume that q ^ 2 ; when q = 2 , we need

to modify the proof as noted earlier.

We begin by indicating something about when elements of Gij) "normalize"

H¿~x. Specifically, we show that if x £ G^ , y £ H¿~x , and xyx-1 e K]e~x,

then xyx-1 e H¿~x . From (5) and (6) (or the proof of (7)), G<j) r\Ke normal-

izes HJ7~X. Thus we may assume that x = b is a power-permutation matrix

in Gij). We may also assume that y £ G¡ n KeM for some /. Suppose that

/ = h - 1 . Repeated use of (5) shows that ni¡) can be written in the form

■7o) = hm + yh + y\x-\ + ■ ■ ■ + yo,     £*_, g (kxy,

where yg £ Mg (1 Ags+t~'h+,+2.  [From (5), we get nU) = C(j+i)Vu+i) + y'i-i +

••• + y0, y'g £ Mg n Aeg+,~j+x .   Apply (5) to the first term; we get nU) =

Çu+2)t]u+2) +y'j_i + ■ ■ ■+y'o, y'g£Mg nAtes+,~J, where the y'g may have changed

from one line to the next. Repeating this procedure, we eventually get

n(j) = £•_, z/,_ i + y,._, + • • • + y'0,        y'g£Mgn 4<+1 ~',+2 ;
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again, the y'g may have changed. Now use (5) and Lemma 3.3 to replace

m-i with C(z,+2)"(f,+2) + v;"-2 + • • • + yö , y,'_i = z(fi+2) + z,_. + • • • + z0, where

y'g1 £ MgnA'gg+,~'i+1, z((j+2) £ M{li+2)nA2g, and zg £ MgnAes+'~ti+2. Combining

terms, we have

%) = C(il+2)"(z,+2) + y[u+2) + y'i-2 + ■ ■ ■+y'o>

where C(/,+2) G (kx)e , y[t¡+2) £ M{t.+2)nA2g , and y'g £ MgnAeg+l~'i+x . Continue

inductively; we get

riu) = Chrih + y'h + --- + y'0,     y'g£Mgn 4i+l~'A+,+2,

as desired.]
Now use Lemma 3.3: there is a power-permutation matrix V (for the com-

positum of Ff and Eh) such that for some

k' £ Kx n GA(^-'"'i+,+1 n GA_2) • • • Kel~'h+,+x,    b = k'b1.

It is obvious that b'yb'~x £ H¿~x if it is in K¡~x , and Corollary 3.2 says that

k normalizes H¿~x . The argument for the other G/ n KeM is essentially the

same.

It may be worth noting why the lemma is true when h — 0 (though what

follows is not a proof)» Then j > t'x and HJ7~X = K¡~x , and we can write x

on K¡ as

(6.3)       #(1 + y) = ¥ ° Tr(xy),        x £ A7'1, x determined mod Axe~J .

It is possible (though not obvious in our inductive process) to choose x so

that F[x] = Eij). Assuming this, the proof of the lemma is easy: use (6.3)

(with this same x) to define x on K¡~x . In fact, we could also replace x by

x + Xo , where xo £ Axe~j n E^). This choice will change x on KJe~x only if

xo £ Al~j n Eij), which suggests that the extension is unique if Ae~j n F(7) =

A2.~j n Eij). This fact may help explain the division below into cases.

Before entering into the body of the proof, we simplify notation. We will

generally be concerned with elements representing H¿~x/H¿ = m{h(ef,). Since

all the elements we will be concerned with will commute with kfh, we may as

well assume that ff, = 1 . Similarly, the elements we deal with will all have

the e/ef,-periodicity of elements of m{h(ef,), and it will therefore not affect the

proof if we assume that eh = 1. The real effect of these assumptions is that

we can work with me instead of m{h(eh). In a sense, we are assuming that

h — 0, and the discussion of power-permutation matrices given at the start of

the proof shows that this assumption does not affect whether the elements we

deal with in the proof actually lie in H]ü~x . Of course, we must be careful to give

a proof that is valid without these simplifications; for instance, the reasoning

given above would be impermissible.

Because we want to use the decomposition G(7) = B^W^Bij), where J?(7) is

the Iwahori subgroup and W^ is the group of power-permutation matrices, we

need to deal with another set of congruence subgroups. Set d = n/fi , and write

H¿~1 FiK'.j. = H[. We define ^o to H¡ by backwards induction, assuming that

it is already defined on H¡_x (to conserve notation, the extension to H¡_x will



CONSTRUCTION OF SUPERCUSPIDAL REPRESENTATIONS 33

be called x) ■ Write d for n/fi, and let n £ G(j) generate Axd and induce o

on m-fj(ei). The coset representatives for H¡/H¡+i can be taken as elements

l+yn1, y = (y0, ..., yd-i) £ md ; when d ^ e, some of the y, may have to be
0, but for a given index h either yh must be 0 or there is no restriction on y,

(except, of course, that it commute with kf. ; since we are in md = Mf.(k)"l^ ,

this means that y¡ 6 kf). In particular, (ki)d normalizes H¡. However, if

f/fi\l, then there is no requirement that any y, be 0.

The proof divides into several large steps:

1. We find an extension x\ to H¡ suchthat (k^)dr\mxd(ei) (= KdnGU)/Kdn

Gij)) commutes with X\ •

2. If / is not divisible by d/e¡, then X\ is the only extension of x with the
property in 1. We use this to show that every power-permutation matrix in Gij)

commutes with / . In particular, n commutes with x • and Lemma 4.2 now

implies that Kd n Gy) — F(7) commutes with x ■ (B(j) Q Ken Gy) normalizes
H\.) That proves the lemma in this case, with X - Xo-

3a. If / is divisible by d/e¿, then xi is not unique, but we can choose

coset representatives for H¡/Hi+X that remain in H¡ under conjugation by any

element of W¡j). We prove next that there is an extension xo such that n

commutes with xo ', Xo is also not unique, but it is easy to describe the other

possible choices. We also show that any "diagonal" matrix whose diagonal

elements are powers of n commutes with xo.

3b. In view of 3a, we need only prove that permutation matrices commute

with #o . (This uses the fact that we have coset representatives as described in

3a; we therefore need to prove that Xo = Xo only for a set of generators b for

Wfj).) We prove this last fact to complete the proof.

1. Write (kx)dle> for (kx)d n mxd(e¡) (S (*£)*■"»). The extensions of x to

H¡ form an affine space of cardinality [H¡ : Hl+X], a power of p , and (zc? )d/ei

has order prime to p . Let Ux, ... , Um be the orbits of the extensions under

conjugation by (&?)dle'', and let a¡ — cardinality of L¡¡■.  Since Y^=\aj is a

power of q and each a¡ is prime to p , there are integers b¡ with Y!f=\ ajbj =

1 . Then set
m

*=nn**':
Xi clearly has the desired property, and (1) is done.

2. We assume that d/e,\l. Then X\ is the only extension of x commuting

with x ■ For every extension of x to H¡ is of the form x~(y) = Xi(y)X2(y),

where x\ is as above and /2 is trivial on H¡+i . Thus ^2(1 + yn1) = y/ o

Tr(aCT y) for some a £ md , and the same calculation as for Lemma 4.8 shows

that (kf )dle'  commutes with X2 iff (kf )d/e'  commutes with an~l.  This is

impossible if d/e¡\l. (We need ya = ay"    for all y £ (k^)dle', hence all y £

K¿e'. Let y have a 1 in the z'th entry and 0's elsewhere; if a = (ao, ... , ad_i),

then y a = (0, ... , 0, a}■, 0, ... , 0), while ay" has a 0 as its jth entry if

d/e¿\l. So aj = 0 for all j. See Lemma 4.1 for a similar argument.) In the

rest of the proof for this case, we use only this property of x\ ■
As noted above, it now suffices to show that W¡¡) commutes with X\ ■ For
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this, it suffices to prove that xb(y) = Xi(y) f°r power-permutation matrices

b and (<?,, f)-nure elements y such that both sides are defined, since such

elements y generate H¡. Because b normalizes (kf )dle*, it is easy to see that

b~xHfb n Hi is normalized by (kx)d<e- and that x\ is fixed by (k%)d'e> on

this group. To see that Xo = Xo there, it suffices to show that x has exactly

one (kf)dle<-stable extension from b~xH¡+xbr\Ht+x to b~xH¡b n H¡, since Xi

is already known to be one such extension.  So let X\ he any (zc?)^'-stable

extension of xbX~x   (— 1) to b~xH¡b n H¡ ; we will prove that it is trivial.

This step, too, is done by induction: we assume that any such extension is

trivial on b-lH¡bnHinK^ (r>l) and prove it trivial on b~xH¡b n H, n Kr~x .

Suppose that y G b~xHtb n H¡ n ^ , but y £ b~xHl+ib n ///+1 . Then either

y or ¿>yz3_1 is in 77/ but not in 77/+■ ; assume the former for definiteness. As

noted above, we may assume that y is («?,•, /¿)-pure. If y £ Kd , the inductive

hypothesis says that XbX~x(y) = 1 • We show next that (r - 1) is not divisible

by ri/c,. If (r - 1) is divisible by d/e¡, then y and byb~x both lie in Kd~x

but not in 7C¿, since nr~x is central in G(J) and if z3 £ W(j_X) and 0 ^ a £ md ,

then gag-1 6 ^ and £ Axd. Since y £ H¡ and y £ F//+1, / = r - 1. But

by hypothesis, / is not divisible by d/e,. This means that if d/e¡\(r- 1), then

b~xH¡b r\H¡r\Krd = b~xH,b nH¡n Kr~x, and the induction extends.

So we may assume that (r — i) is not divisible by d/e¡. Let y — 1 + yo ,

yo = 7»7J_1 » be a new addition to the domain of x\ such that y is (<?,, fi)-

pure and the nonzero entries are = c mod «, («, = n/e¡f = d/e¡). Assume
for convenience that char k ^ 2 (the modifications for char k = 2 are easy).

Let C G me(ei)x have 7's in every entry except those = cmod«,, and 2Fs in

those. Then CvC-1 = 1 + 2y0, and

xi(CyC~ V) = i,   Cyç-Xy-X = y mod k\.

Since Xi(CyC_1y_1) = X\(y) by the inductive hypothesis, Xi(y) = 1 ■ This
extends the induction and proves the result (with jfo = Xi) when d/e^l.

3a. Assume that d/e¡\l. Then, as noted above, the elements of H¡/H¡+x can

be picked to be stable under the power-permutation matrices W¡¡) for Gy).

We change notation and let Xa(l + y) = ¥ ° Tr(a»(1T7y) for y £ K¡~x. Since

nx,7j = Eowx~j + ••• , e0 £ kdJe¡ (from 6.1(2)), the argument at the start of

step 2 shows that (kf, )dlei commutes with Xa iff a G kje'. For y G kf and

y = yt]J~x, Lemma 4.8 gives

x1(i +y)*r1(i +y) = *i(i + i7y«i_1)zi(i +y)_1 = i,

because n and y commute. Since /c? fixes xi > it fixes /'^f ' ; therefore

Xni=X\Xß,     ß£k}:     and    ß ± kfi under (a, ß) = Tr aß .

We also know that there are qd^ characters Xa of Hi/Hl+X . They form a

commutative group on which n acts by conjugation. The fixed elements are

the Xa with a £ kf (i.e., all components equal), since xi = Xa1 with a"7 = a .

Thus there are qf^d~x^ characters XaX7x ■ All of these annihilate the elements
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1 + ynJ x, y £ kf, since

Ä~'(l + ynJ~X) = ¥ °Tr a(y° - yf~J,

and ya — y if y £ kf. Hence the XaXâ1 exhaust the characters on 77/ an-

nihilating 77/+! and the 1 + ynj~x, y £ kf. Since X-ß is such a character,

XaXäx = X-ß for some a. Set Xo = X\Xa- Then xo commutes with n and

with (kf)d/e<. (These properties of xo are what we use in further analyses of

this case.)

It now suffices to show that b commutes with xo whenever b £ W¡j). Ele-

ments of Wtj) take elements yrtfZ , y £ me, to elements = "/tfa1 mod H¡+d ,

as noted above. It follows easily that if y G 77/ and byb~x G K¡ , then y G 77/+, .
We therefore need only prove that Xo(y) — Xo(byb~x) for our coset representa-

tives y = 1 + ynl. It suffices to check this when y has only one nonzero entry,

at (say) the cth place. It also suffices to assume that b is a permutation matrix
in Gij) or a "diagonal" matrix,

PgP~x =
yoiau 0

0      y*_iO

P the permutation matrix as in §2, yh g kf , where £ is defined by saying that

Pnn'P~x is a "diagonal" matrix of <j;'s. (Recall: «, = n/e¡f . Each entry is an

e, x c, block matrix whose f x f blocks are in kf ; the blocks corresponding

to Ça< have indices = I mod «,.) For "diagonal" b, let I = c mod n,. Then

xo(gyg~x) = xo(yhndi<Xh •■ y(yh>id,ahTx) = xo(y),

which takes care of this case.

Here is a brief illustration of this last point. For the matrix
- 0     0     1     0

0     0     0     1
w    0    w    0

.0      Ü7       0      w

used in the example for Lemma 3.3, we have
"0      1

w    w

n = n2

c =

The "diagonal" matrix corresponding to [^j is

0

bi =

0
0

w

0

awA

0
bw}

1
0

w

0

0
bw2

0
CTU2

a, b, c as in §3.

It is easy to see that for 1 + yn2h with y = (0, yi, 0, y3), so that the matrix

for yn2j has entries only in the starred positions of

-oooo-
0    *    0   *
0   0   0   0

.0*0*.



36 LAWRENCE CORWIN

we have bx(l + yn2h)bxx = z/4(l + yz/2/!)z/~4, since bx and z/4 have the same

entries in the rows and columns with the starred entries.
3b. The permutation matrices in Gy) are (e¡, fi)-permutation matrices and

normalize (kf, )d . So if b is one of these permutation matrices, then (kf )d

also fixes Xo and must therefore be of the form ^o^a , a £ (kf )d ■ The map

tp: b ^ a (which we regard as a map from J^; to (kf.)d ; 5"n¡ acts on each

block of «, symbols in the same way) has the following properties:

(i) tp is a 1-cocycle: <p(uv) = tp(u)v + tp(v) ;

(ii) (p(u) = 0 if u is the cyclic transposition (0, 1,...,«,- 1) (then u is

the product of n and a "diagonal" element);

(iii) tp(vi) = (ao, ... , ad_i) has a¿ = 0 if b is fixed by Vi. (We then have

vxyvxx — y if y is (e¡, fi)-pure with nonzero entries only at indices

= b mod «,.)

It is clear that (i) and (iii) imply

(iv) If <p(v2) = (ßo, ... , ßd-\) and vx, v2 both take b to c, then ab-ßb.

(Write v2 = (v2vxx)vx.)
The permutation v of order 2 given by

(0, «,- l)(l,«,-2)--- (^2— , y)      if ". is even

and

(0,«/-1)(1,k,-2)--.^^,^±^      if«, is odd

satisfies vuv — u~x, where u is as in (ii). Therefore tp(v)u = tp(v), which

implies that tp(v) = ß £ kf .
Suppose first that p ^ 2. Since u has order 2 and <p(v)v = <p(v), 2ß = 0 or

ß = 0. From(iv), <p((0, «,- 1)) = 0. Conjugating by w, we get tp((b, b+l)) =
0 for all b . It follows that tp = 0 .

If /z = 2, we work a bit harder. If « is odd, then ß = 0 because («, - l)/2
is fixed by v . We get p = 0 as in the case p -/ 2. If « is even, then

we have <p((0, «,- - 1)) = (/?, 0, 0, ... , 0, /?), and conjugation with u gives

f»((ô ,b+l)) = (0,0,...,0,ß,ß,0,...,0), with the j?'s in the b, b+l
places. We now have

<p((0, l,2)) = <p((l,2)y°'V + tp((0, I)) = y>((l, 2)),

tp((0, 1,2,3)) = tp((2, 3)(0, 1,2)) = tp((2, 3))«0'1-2' + ^((0, 1, 2))

= tp((0, 1)) + tp((2, 3)) (as one sees by calculating the terms),

tp((0,l,2,3,4)) = tp((0,l)) + tp((l,4)),

tp((0, 1,...,«,- 1)) = tp((0, 1)) + tp((2, 3)) + • • • + tp((n, -2,n,-l)) = ß.

Hence ß - 0, and we finish as before.   D

For the rest of the proof of Theorem 6.1, we make the notational convention

that if x is the given representation on K¡ , then xo is a (fixed) extension of x

to KJg~x with the property of the lemma. (We shall then construct an extension

of x to K¡~x , which we also call x '■> often x # Xo ■)



CONSTRUCTION OF SUPERCUSPIDAL REPRESENTATIONS 37

7

We return to the proof of Theorem 6.1. Assume that we have defined x

on TTg7, that t'h_x > j > t'h, and that i is the largest index with j < t,. We

need to extend x to H¡fx ; the procedure is slightly different in each of the
three remaining steps, which we also think of as different cases. The hard part is

generally in finding z/(7_i) ; in constructing it, we usually verify most of ( 1 )-( 11 ).

(a) (Step 3). Assume that j - 1 > ti+i and e\(j - l)c,. Then set x = Xo
and f](j-i) - n(j). It follows that F(j_i) = F(j), etc.; all of (l)-(l 1) are vacu-
ous or trivial except for (7), which we now treat. (Occasionally the treatment

that follows is slightly more complicated than necessary; this is to ensure that

essentially the same proof applies to the other cases). Note that C,_< = 1.

It is easy enough to check that Klec+2~} nGe_i commutes with x\hj-[ when
0

h < c < i; one applies Lemma 4.2. (For instance, if x G K'ei+2~j n G,_i and

x - 1 is invertible, then xx — X °n Kei+X, while if y G H¿~x and y - 1

is invertible mod H¿ , then xy = X on K'ei+X.) The proof that Tíj" n G^-i

commutes with x\hj-<  when 0 < c < h   (G0 = G)  is the same.   We have
"o

constructed x (= Xo) so that G(y_.) (= Gy)) commutes with x on H¿~x .

Conversely, suppose that w g ZeKe commutes with x ■ Then w commutes

with x\i/i ' and (7) applied to x\H¡ implies that we can write
"o 0

w = ßori(])(l + M;) + • • • + ßu-rftf + ßu-j+Wa+X + ■■■)

= ßoti{j_i)(i + /Mo-i) + • • • + ßu-ntA) + ßtt-)+WHtx + •••),

with ßg £ me for all g, ßo £ m* , and ßg £ m{'(e¡) for g < t¡ - j,

ßg G mg](e¡-i) for t¡ - j < g < ?,_i - j, etc. We need to prove first that

mod4'~"'+2. ßti-j+\fli~i+1 = some u £ Af(_,_i). Dividing by an element
known to commute with x and writing ß for ßt,~j+i, we may assume that

w = 1 + 0r¡l'Si+i + ■■■ = WiWo , where w0 = 1 + ßnl/SxJ+l.

We show first that XWl(y) = X(y) if y = 1 + yvjll with y g mg'(e¡-i).

Note that if g < i - 1, then z/,_< = (,ng for some C G kf , by an induction

using (5). Because C and y are both in zrz^ (eg), it follows that y is congruent

mod K¡ to an element of Gg. In fact, since y and Çg are both in 770, this

congruence also holds mod H¿ .

Since wi £ (KÏ~J+X n G,_i)(7^i'_>+1 n G,_2) • • • (K'eh~j+2 n GA_i), it suffices

to prove that ^'(y) = X(y) if ^i is in any one of the factors. If u>i G

(Ke¡~j+X nG/_i), then xWx(y) = Xiy) by Lemma 4.2 (since G,_i commutes

with x on 77¿'+1). If Wi £ (^'-'"7+1 n G,_2), then (w,, y) G 77^' , and

we are concerned with x °n that group. Write x = Xo,i-iXi,i-i > as in (8).
Then Xaj-iii^i, y)) — 1 by Lemma 4.2, since G,_i commutes with X\j-\ >

while ^i,/-i((wzi, y)) = 1 by Lemma 4.7, since y is congruent mod 77q to an

element of G,_!. This proves the claim for Wi £ (Ke~'~J+ n G,_2), and the

proof for the other factors is nearly the same.
Therefore xw • X~x(y) = Xi^oyw^y-1)  and w0yw0~xy~x £ 77¿'.   Write
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X\„'i =Xo,iXi,i, as in (8). Since G(í_n commutes with Xo,i,

Xo,i(woyw^xy~x) = 1.

By (8) and Lemma 4.7, X\,i(woywo~Xy~l) = I for all y only if w0 is congruent

mod Ke~j+2 to an element w0 of G,~,, the group of invertible elements in

the algebra M^ defined in (8). (Note that y is congruent modulo 77^ to an

element of G,_i .) By (iv) of (8), together with (5), w'0 = w' mod A:¿'~;+2 ,

where w' £ G{j) n Ke'"J+x . We already know that xw = X ■

Dividing by w', we may write

w = i + ßti-j^/T2 + ■■■ + ßu-t-mU-J + ßt^-j+ititf*1 + ■■■
(where the ßi may be different from what they were in the previous expression

for w). The inductive hypothesis lets us write w = 1+/?,,,_,+.z/''j21_''+ H-,

/?,,_,_/+• g rrie~l(fi-i), etc.; an argument like the one above shows that w is

congruent modulo Ke~'~J+ to an element in G,_. . We continue inductively

to get (7). This concludes the proof in case (a).

(b) (Step 4). Assume that j - 1 > /,+■ and e\(j - l)e¡. Set

z(i +y) = xo(i +y)¥ oTr(a'z/-f+1y) = *o(i +y)x*(i +y),

where a' G zne is such that a = Trfj a' G kf . (Note that y = y//.^1 for some

y G zíif   '((?/|_i).  There is therefore some ambiguity in a'; what determines

X is not a' but Trejt_, a'. We could find an a" £ meh~x(ef,_x) that gives the

character, but then we would need to take traces over Fh_x. There seems to be
no advantage in introducing the additional notation.) We choose one a' for

each a, with the added requirements that each component of a' is in kf. ; that

the first c, components of a' are all the same, the second e, components are

all the same, etc.; and that 0 corresponds to 0. For instance, we might make all

components of a' beyond the first e, equal to 0. (If a! = 0, then of course

X = Xo-) This gives us qf< = C¡-\ choices for x ■ (It is in fact the case that if

a = 0, then x and Xo and conjugate regardless of what a' is chosen, but we

shall not need this fact here. It is proved by applying Lemma 4.7 repeatedly.)

We shall show below that these extensions (for different a) are nonconjugate

under ZeKe. A computation in the proof of Lemma 6.2, case (2), shows that

if y G (kf)* , then Xy = X\ similarly, x is fixed by all (e¡, f¡)-permutation

matrices because a' is.
We next produce r¡(j-i) and Fq_») . This is a complicated affair because we

need to insure that F(y_i) is nicely embedded. An example may help to explain

the problem that may arise. Let n = e = 4, f = 1, Ci=2, 5. = /■ = 10, and
s2 = t2 < 8. Suppose that for w = w4 and y = (y0, y» , y2, y-¡), y¡ £ k, we

have

X(l + yro10) = »//í¿y,J .

Then we may take F(10) = F[t¡72] and z/(10) = w . From case (a), F(9) = F(.0).

For level 8, we produce Xo and set x — XoX\ > where

xi(i + yœs) = ¥(yo + y\)   if yw*£G{9).
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This last condition means that y = (yo, V\, Vo, V\) ■ Then X\ = ¥ ° Tr '(ay),

where we may take a = (l, 1, 1, 1)G m\(2). We need a'. If p ^ 2, we can

take a' = (j, \, \, j). It is then clear that m\(2) and w commute with xi •
so that F(g) = F(io). (This is one reason that the tamely ramified case is easier
than the general case.) But if p = 2, this choice is impossible. We may take

a' = (1, 1,0,0); recall that the first two entries of a' must be equal. Now

(since char k = 2, so that + and - are the same)

X?X7Xix- + y™8) = ¥   ¿7j,       y£m4,

as a calculation shows. But for 8 = (3o, <5i, 82, 8$) and w = I + 8w2,

xïïxoHi + y™*) = ¥\Y/yJ(SJ + âj+2))

(extend 8j periodically with period 4). So Xww = X if öj + ^j+2 = 1, so that

8 = (8o, 3i, 8o + 1, 8i + I). If we take 8o = 8i = 1, then F[(w w)2] is nicely
embedded and gives F(8). But if not, F[(ww)2] need not be nicely embedded.

The following is one way of forcing the nice embedding of the field.

We begin not with z/ij-i), but with something closer to tyf/l'n • Let <9(7) =

ifgj1. We set

.%_,) = 6U)(l + it-xtft:*) ■■■(1+ Sk-iifEl)■

where 8g £ ki , Sf1'1 = 3g, and the 3g are chosen so that (%_.) com-

mutes with x- We choose the Sg inductively, as follows: x6{i)X~x is triv-

ial on H¿(H¿~X n G(j)), and by (9) we can choose r5,_i so that if Wi =

eU)(l + Si-itfri), then xw'X~x is trivial on H¿(H¿~X n G/_,). Now (9) lets

us choose r5,_2 so that if w2 = wx(l + 8i-2ntj'z2~J), then xWlX~x is trivial on

H¿(H¿~X n Gi-i). Continue.

The matrix 9 has a special and useful form. Regard elements of M as

n/fi x n/fi block matrices (with fi x fi blocks), and let P be the block
permutation matrix taking (0,1,..., n/fi - 1) to (0, «,,..., (e,■ - 1)«,, 1,

«, + 1,...,«,- 1, ... , n/fi - 1), as in §2. Then each term P~X6U)P,

P~x(l+ 8i-1n'iZJP, ... , P-x( 1 + Sh-1rfhll)P is a "diagonal" block matrix con-
sisting of «, blocks, each block an e, x »?, block matrix of (fi x /¡ blocks that

are) elements of Ff.. The same statement therefore holds for P~X8^_X)P = £,

(say).   Let the blocks for t,  be  (Ço, ■■■ ,C«,-i)»   Similarly, set P~X6U)P =

{' = (%,..., í¿) and F-'(l -rá^'-ÓF = t, = (t,,0, ... , Tg,n,-i). (Since
(9(7) g E(j) and F(;) is nicely embedded, the entries for £,' are all the same.)

We then have

Í/ = <?'t1_ii/---ta_ij/,        0</<«,- 1.

If we now write pg = (rgzo, l,---, l),then PpgP~x commutes with x\HJ ■

(For if P~x8gP = (3g.o,--- ,àg,n,-\), then T^T3-1 = (1 + Sgn'gs+l~J), where

p-'á'F = (3g.o, 0, ... , 0) ; thus 3'g £ m{g(eg). Now use property (7).) Since
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P(C, 1, ... , 1)F_1 also commutes with x\H¡, we see that k =

P(£o, 1, ••• , 1)F_1 commutes with x\H¡ ■ We can prove that zc commutes

with x °n Hj~x by showing that XK(y) = X(y) f°r a set of generators y

of the group W~x /W . We choose the y to be (e¡, f)-pure. Then KyK~x =

6(j-X)yd7x_x, if the entries of y- 1 (as a block matrix with fi x fi blocks) are in

rows and columns with indices divisible by n/e¡fi, and zcyzc-1 = y otherwise.

In either case, xK(y) — X(y) ■
We are now almost done with the construction of ¡7(/-i) » Let À be the «, x «,

block matrix
r 0      7      0    •••     0 -

0      0      7-0

0      0-07
L<^o   o   ...   o    oJ

and let C(/-i) = P^P~X, lo-i) = C//_n • Since XKi is the «, x «, block matrix

(Co, ... , Co), Ff[C"j_i)] = Eu_i) is nicely embedded. (Note: nt = ef/e¡fi .)
We also have

nu-i) = nu)P-xPi-i ■ --Ph-xP = «(/)(i + sUnft) •••(! + t'h-rfEi) ;

since each (I + 3gng+>~J) commutes with zn^(c,), conjugation by rç^-i) acts

as a on m{'(eï). Furthermore, Lemma 3.3 applies to F(7), F(y-i), so that the

power-permutation matrices for G(y_n = GLni(F(/_n) all commute with x\hj ■
0

Thus it suffices to prove that for any power-permutation matrix b, Xb(y) — X(y)

when y is a set of (e¡, fi)-p\ire generators of H¿~x/H¿ , as before. Since the

elements byb~x are then also a set of (e¡, f)-pure generators of H¿~x /H¿ , it

suffices to consider a set of b generating the power-permutation matrices, for

instance k and the (e¡, fi)-permutation matrices. But we have already verified

that xb(y) = X(y) for these elements.

In the course of constructing r¡tj-i) and Fij_i), we have verified properties

(l)-(3), (5), and half of (7). Furthermore, (4) is clear, (8)-(10) follow directly
from the inductive hypothesis, and the other part of (7) is proved almost exactly

as in case (a). (Note that (7.1) holds because of (5) and Lemma 3.1; the ßi for

/ > t,■ - j + 1 may change from one line to the next.) So we need only verify

(11), that different choices for a' give nonconjugate extensions of x ■ Consider

two extensions x = Xo-Xa>, Xo-Xß', where, e.g., #a.(l -l-y) = y/oTr(a''n~J}+xy),

y £ K¡~x. Suppose that these are conjugate by x G ZeKe and that a' ^ ß'.

Then x commutes with xo\kj > but not with Xo|^-i , and (7) (for j, j - 1)

shows that we may take x = (1 +»5I-_1»7|î^/+1).--(l + Shn'hh+'~J+X) with 3g £

mf*(eg). We show that xx(y) = x(y) f°r all y = 1 + y/yin with y g mg(e¡).

The proof is like a part of that used in (7). We may work with one factor of x

at a time; thus we assume first that x = I + 8i-Xn'ifSxJ+l ■ Then (x, y) G 77¿'.

Write x on 77¿' as XojXij > as in (8). Since x G G,_i, Lemma 4.2(b) implies

that Xo,i((x,y)) = 1 ; since y is congruent mod 77¿ to an element of G(ii)

(by the same reasoning as in (a)), (4.7) implies that /i>(((x, y)) = 1. Thus
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Xx(y) = X(y) in this case, and the same argument (with only indices altered)

applies to the other factors.

Therefore Xx — X on G(;_.) n K¡ , so that Trei(ß') = Tre¡(a'). By construc-

tion, a' = ß', contradicting our assumption that a' ^ ß'. This concludes the

proof in case (b).

(c) (Step 5) Assume that j - 1 = ti+i ; then e\(j - l)<?,+i. We let z/, = z/(;),
F, = E(j), and M¡ = M^ ; we set

X(l +y) = Xo(l +y)¥°Tr(a't]X-jy) = Xo(l +y)x'(l + y),

say, where a' has the property that if a¡+1 = Trfi. a', then F,[a/+iz//_J] =

Efj_X) = EX j has ramification index «?,+•./.?,• and residue class degree fi+i/fi

over F;. (The condition on the ramification index follows from (1.3).) We also

assume that all entries of a' are in kfM . An argument like that for the case

of tx shows that we may assume that the first e/ei+x entries of a' are all the

same, the next e/e¡+i are all the same, and so on. This makes F,~_,, nicely

embedded. Then /' commutes with all («?,■+•, fi+i)- permutation matrices, and

hence x does as well. This proves part of the second part of (7). We define

#0,1+1 =Xo, X\,i+\ = X' in (8). Choose one anj~J from each Z^-conjugacy

class and one a' for each a. Write fi+i = f¡+lf¡ ■

Suppose that w = ¿oz/f (1 + <5iz/, + •••) = wiw2 £ ZeKe commutes with

X ■ We show that uz. - Sot}1} commutes with F,~( %. We may assume that w

commutes with x\kj > so that Sotf commutes with F,, from (7); hence we need

only prove that 8ot]f commutes with anx~j. Write y = 1 + ynJ¡~x = 1 +y. ,

with y G m{'(e¡). Then

jfwytiz"^"1) = xo(wyw~xy~x)x'(wyw~xy^x).

But Xo(wyw~xy~x) = 1 because w £ G,, and x'w = X,Wl because commu-

tators (y, itz2) are in K'e'+X. Now Lemma 4.8 shows that wx commutes with

an]~J. Note that for h = 0, this means that <5o G (m{'+[(ei+i))x ; conversely,

the calculation shows that (m{i+'(ei+i))x commutes with x-

We next construct 17,7-1) » The procedure is like that used in (b), and we omit

details when the calculations are essentially the same as in (b). We begin with

%_,) = ¿,.0,(1 +ôi-xntlM)(^+si.2n\iz2i-t>^---(\+ôh.xntlM),

where the <5, G k%     are to be determined.   Let t,  be a prime element in

Fi[an~''+'] of the form (ar\7li)ar\eb,ei (where (e/e¡)b - t¡a = <?/<?,+■ ; this is

possible by (1.3), since n/f = e and s¡/f = t¡), chosen so that F,[t,] =

Fi[an~~'i+X] ; this element is then of the form 8¡6¡. The calculation given just

before the start of this construction shows that ^0ix_1(l + ytl¡M) == 1 Vy G

ml'(e{). We now choose the 8g inductively, using (8) and Lemma 4.7 as in case

(b), to make x8{J~" = X ■ Because the tg , g < i+1, are all divisible by fi+x, it is

straightforward to check that the terms f5^z/^~'i+l all commute with m{M(e¡+i).

Furthermore, if we regard elements of M as n/f,+i x n/fi+i block matrices

and let F be the block permutation matrix taking (0,1,..., n/fi+i - 1) to
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(0, «,+i, ... , (<?,+! - l)«,+i, 1, n,+i + 1, 2«/+1 + 1, ... , «;+i - 1, ... , n/fi+i -
1), as in §2 (with «,+1»?,+1^+i = «), then 7J~1t9(7_1)F = C is a "diagonal"

block matrix consisting of n¡+\ blocks, each block an <?,+■ x e¡+x block of

elements of Fy(+1 (embedded as fi+x x fi+x matrices). Let the blocks for C be

(Co • • • • > C«,+,-i) ; notice that F_1t,F is of the form (Có > Co • • • • ) ■ Just as in

case (b), we show that for k = P(Co, 1, ... , 1)F_1, xK = X on their common
domain, and that if A is the «,+« x «;+1 block matrix

0
0

0

Co

/
0

0
0

0
/

0

on
0

/
0

C(;- PXP- %-D
-  rflfM~   ̂ (7-D , and £(,_!, =F/i+I[C%],then Eu is

/i+lnicely embedded and »(y-i) acts as cr on ztj^ '(c,+i). (Note that «,+■ =

t?/t?,+i • f/fi+i .) Since Lemma 3.3 applies to F(7_n and Fy-i), the power-

permutation matrices for G(;_i) = GL";+|(F(;_i)) all commute with x\hj •

Therefore it suffices to prove that for any power-permutation matrix b of

G/j-i), Xb(y) = Xiy) when y runs through a set of (<?,+i, fi+x)-p\xre elements

generating H¿~x/H¿. Because byb~x £ H¿~x for all such b, y, it suffices to

consider a set of x generating the power-permutation matrices, for instance k

and the (e¡, fi)-permutation matrices. We have verified that xb(y) = X(y) f°r
these matrices, so that G(;_.) commutes with x \ this is part of (7). We also

set z/(~) = (PA'P-xy¿+x, where

X =

0
0

0

Co

/
0

0
0

0
/

then (1^,)*/^' = xi.

The construction shows, as in case (b), that (l)-(6) and the second part of

(7) all hold; (8) is also clear. For the first part of (7), one inclusion goes just

as in (b). To prove the other, suppose that w commutes with x ■ Since w

commutes with x\K¡, we have

w = S'onh,a(l+8*1*1+■■■),       8o£m{>(e¡).

But 30nh° must commute with an~j, as we saw above; from (6) and (8), we

can write

w = eotf^^l +ein¡ + £o£(mt*(e,+i)Y

Since eoli J-n commutes with x ■ we may delete it; the proof now goes as in

(b).

That leaves (11). Let N¿ , N¿  ' be the groups of elements of ZeKe com-

muting with x °n Hi, HÍ~X respectively. If x and X* = XoX~ (where #~ is
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given by ß' just as x' is given by a') are conjugate by an element w £ ZeKe ,

then w £ N¿ and w is determined mod N¿~1 . So we may write

w=8inf(l+ 8i.yritlM)- " ' 0 + Sk-ivfcf1),       ¿g e (kfg)'.

Write ßi+i =Tre¡fi'. Conjugation by 8¡ri" takes a,+1z/(1-7 to ßi+inx~j (since

a calculation, using Lemma 4.7 and like some done in the course of verifying

(7), shows that (S¡nf)~xw fixes x* °n K¿~lnG¡). Conversely, if ai+inx~i and

ßi+inx~J are conjugate, then they are conjugate under some 8¡nf , by Lemma

5.2. Since we picked only one element from each such conjugacy class, a,+. =

ßi+i. But then a'i+i = ß'i+x (as in case (b)), and x = X* ■ The number of choices

for a is equal to the number of nonconjugate nonzero y generating kfM/kf.

(the relation is that (an]~j)e^le' = yn\x~j)ei+i/e'). This number is C/_i = C//+1 .

This completes the proof of Theorem 6.1.    D

8

The next task is to compute which elements of G commute with x °n 77o .

As before, we write Wij) for the group of power-permutation matrices in G(j),

and W¡ for those in G,. Recall that GU) = (K„/fi n G(j))WU)(Knlf n G0)),
where i is the largest index with /, > j. We have seen that G(;) commutes

with x\w for j > r0.

For each j, let /V7 = {x G ZeKe : Xx = X °n 77¿'}. By Theorem 6.1,

W = Kc7(G, n ^) ■ ■ ■ (G,_, n ä?)^ n ze^e),

where i is the largest index with t¡ > j and q = t'¡ if j < t'¡, c¡ = t¡ - j + 1

otherwise.

(8.1)   Theorem. For all j>ro, x\hj intertwines with x\ -\w    if and only if

x £ NJG{j)NJ.

Proof. We essentially proved "if in Theorem 6.1, since N-i normalizes 770 n

KJe . The converse uses backwards induction on j. If j = t\, the claim follows

from Theorem 2.4 of [15]. For the inductive step, we assume the result for

j and prove it for / - 1. Let z be the largest index with t¡ > j. Assume

first that i,+i < j — 1. From the inductive hypothesis, x G NjG(j)N-i. Write

Gij) = (Gy) n Ke)WU)(GU) n Ke) and use Lemmas 3.1-3.3 to see that x G

NJWv_i)Nj. Write x = k{gk2x , with g £ W(j_i) and kx, k2 £ W ; set

Xk] = XX\ , Xkl = XX2 , where X\ , X2 are trivial on H¿ and on Gu) n A:/-1 .

(We saw in proving (11) in steps (4) and (5) of Theorem 6.1 that xkh(y) = X(y)

if kf, £ NJ and y G GU) n A:^"1 .) For y g 77¿_1 , choose v £ H¿~x so that

k2~xvk2 = y ; assume gyg~x £ H¿~x. Then

Xk>{gyg~*) = Xik\gk2xvk2g-Xk~x) = x(v) = xkl(y),

or Xf(y) = Xi(y). Let 77,_, = (kig)-x(H¿-x)kig n Hfx . After dividing fc, ,
zc/ by terms known to commute with / and to normalize 77,-1 , we may write

k, = (1 + 3,,,_,z/;l7+ l)*;,        1=1,2, k,*£NJ'n Ktj+2 -
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Assume that we show that (1 + «$/,,-i.7íí_;+1)g(l + ¿<2,¡-i'7í,~;+1)~1 = k'xgk'2~x,

where k'x , k2 £ N^x . Again dividing by terms known to commute with x

and to normalize 77fj~l, we get

k, = (l+ o¡,i-2rii:fi+l)k;,       I = 1, 2, kf £ NJ n £'-'-'+2,

and we need a similar argument. (The procedure stops at 1 + 8t h_xn^~(+i,

where, as before, h is the smallest index with t'h+l < j — 1.) So assume

inductively that, modulo elements in Nj ,

ki = (l+8La_in^:Í+x)k¡,        1=1,2, kf£NJnK<"-J+2.

Since g commutes with x , we need to show that if X\ (gyg~x) = X2(y) for all

y G 77o, then kxgk2x = k'xgk^x , k\ = (1 + S'la_lnt;Zxj+x)kf , 1=1,2, with

fcf G yW n a:¿"-;+2 and 1 + 3[ a_xn'a°Zxj+l, 1 + 3'2a_xn'a^xj+x £ Ga n 7^)A>+' ;
this will extend the induction.

We want to apply Lemma 5.4. However, that lemma does not apply to the

present situation, because / is not of the fairly simple form assumed in the

lemma. The idea of the proof is to create a new character, x*, °n G~ = Gf¡,

(the group of invertible elements of AL~, ; see Theorem 6.1, (8)(iv)), and to

show that we can find a power-permutation matrix g0 £ W~ (the corresponding

group of power-permutation matrices) such that

(\+h,a-xt-tX)So(\+à2,a-Xrf^)

commutes with x* ■ Lemma 5.4 will apply to this situation, and we will have

go = hg,       h£ NJ~X    (by Lemma 3.3),

kig0k2 = k'xgok'2 '        k[,k'2£Gan K<e°-j+xKe°-j+2 .

Then some simple algebra will complete the inductive step.

Here are the details. Let xo be the extension of x\ wi+<a to 77q_1 , guaranteed
0

by repeated use of Lemma 6.2, such that Ga_i commutes with #o • Restrict

attention to 77¿-+1(Ga_i n K¡~x) = 77*. On these elements, xk' = Xk~ > K =

1 +¿i,a-i*l%Ij+i , and a similar claim holds for zc2 ; since k*, k* £ NjnKea~j+2

already, we may assume that k¡ = l+8ia_xna*Zx+X, 1= 1,2. On the extension

to 77* n Kea, x = XoX*, where *»(1 + yn'aa_x) = ¥ ° Tr{e¡)(ay""") and x* is

trivial on 77* n Kea+X. Extend x* to x*o on 77* so as to commute with G~

by using Lemma 6.2 repeatedly; let x* = /?o/t»o •
By using (5) and applying Lemma 3.3 to the subalgebra M~_x = M7, of

A7a_i commuting with an~!_ax and with Ff (we need the compositum with Ff.

to apply the lemma), we can find an element go s W~_x such that m = g~xgo £

Kx. In fact, Lemmas 3.1 and 3.3 and Theorem 6.1(6) show that for y G 77*,

mym~x £ 770. Thus for any y G Ga_» n K¡~1 , g0_1y<?o £ 77* <-> y G 770.

Furthermore, go commutes with x*, and a calculation shows that (x*)k' =

X*X\ - ix#)kl = X*X2 - Since X2 is defined on 77q and is trivial on 77q_1 , and

since m £ Kx, we have x2  = X2 ', therefore xf° = xf = X2 on 77*, and so



CONSTRUCTION OF SUPERCUSPIDAL REPRESENTATIONS 45

(X*)k,goki   = x* where both are defined. Since Ga-X commutes with xo, we

have x*oSo 2   — X*o where both are defined.

Now Lemma 5.4 applies (with Gfl_i playing the role of GL„) ; we

have zcigozc^1 = zcjgo^-1, where k'x, k'2 £ (Kle'~i n G~)(Ga_i n AT¿a_y+1) ç

(Kle°-j nGJ(Ga_i nK^a~i+1) (this last by Theorem 6.1(8) and Lemma 3.1).

Use k to denote an element of K'ea+x~J (which may change from equation to

equation). Then, since (Ktea~i, m) ç K'e"~J+l (and similarly for m~x), we get

zcigzc2_1 = zcigoz<:2"1(zc2m~1fc2"1m)m-1 = kxg0k2xkm~x = k'xgok2~xm~xk

= klxgok'2-x(k'2m-xk'2-x)(k'2,m)k = k'xgk'2xk,

and the induction continues. This completes the proof when / — 1 / ti+i .

If j - 1 = i,+i , then restrict attention to H¿(K¿~X C\G¡) ; write x = kxgk2x ,

with g G Wij) = Wi and kx,k2£ Nj . We have x = XoX\, Xo as in Lemma 6.2

and #1(1+ anj) = 1// o Tr(ay"x '), where E¡[anx~J] is a field of ramification

index ci+1 and residue class degree f¡+x over F. Elements of A77 commute

with X\ , and Gy) commutes with xo ', also, ^q1 = Xo °n G, f) K¡~x (as we

saw in the proof of (11) in Theorem 6.1, part (4)). So on the above elements,

Xx = XoXf, or xf = X\ ■ Theorem 2.4 of [15] (or Lemma 6 of [10]) says that
g = kxgxk2, where ki,k2 £ G, n Kx and gi is a power-permutation matrix

for the group of elements in G, commuting with F(~(. By Lemma 3.3, we

may assume that gi G Wi¡-\) at the cost of changing the k¡ to elements of

(G¡ d Kg) • Nj ç NJ. The rest of the proof for this case is the same as in the

previous one.   G

We now describe the basic building blocks for the supercuspidals. The fol-

lowing theorem does not give complete information on the set of elements com-

muting with the representations we construct, since (v) and (vi) apply only to

the restriction to 77 n K\ .

(8.2) Proposition. Given the (s¡,ei,f¡) o/"(1.3), define the t¡, t\, t'¡, and

Cj as for Theorem 6.1. There are e • F['-=0Cj pairs (77, p), where 77 is a

subgroup of ZeKe and p is an irreducible representation of 77, plus fields F(7),

matrix subalgebras My), and groups G(;) = group of invertible elements of Mfj),

0 < j < tx, such that (with E¡ = E,tM+l), M¡ = Mi,M+i),  G, = G(/l.+1+1) for

1 < z < r ; Er = E,', etc.):

(i) e(Ei/F) = e] and f(E¡/F) = fi ;
(ii) My) = algebra of elements commuting with Ey) (hence Mr = Er) ;

(iii) 77 = K'} (Kg2 n G, ) ■ ■ • (K1} n Gr_, )Gr ;
(iv) p is a character if tr > 0, and a character on 77 tensored with a cuspidal

representation of Ke n Gr_ 1 /Kex n Gr_ 1 = GLyr ( ¡f (kf_, ) (extended as a character

to Ze) iftr = 0, and K'e] + x(wF) ç Kerp ;

(v) for j > 1, set

77; = 77 n &,    NJ = Kbei (Kbe2 n G, ) • • • (K* n Gi. 1 )(ZeKg n GU)),

where b¡ = min(í", // + 1 — j) and i = largest index with t¡ > j. Then x

commutes with p\H¡ iff x £ NJWU)Nj (as before, Wy) = group of permutation-

power matrices for Gy));
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(vi) distinct (77, x) are nonconjugate in ZeKe.

Proof. We construct the (77, x) by a double induction on n and si. If n = 1,

then there are no triples (s¡,e¡,f¡), and x is trivial on Fx . If si = 0, then
r = 1, e\ = 1, and fi=n, and we take p to be a cuspidal representation

of Ki/K\ = GL„(k), extended to be 7 on w . It is known (see, e.g., [22])

that there are Q nonconjugate representations of this sort, all of dimension

F["~xx(qJ - 1). We set Ex = F„ . The other parts are now immediate. (In fact,

Theorem 4.1 of [3] shows that px = p <=> x G ZxKi.)

Assume now that Si > 1, and let r0 be the smallest index with 2sro+i < sro.

We use Theorem 6.1 to obtain pairs  (H0,x)  and fields F,   (1 < i < ro),

together with the corresponding M¿, G, ; 770 = K'e< (K'e2 n Gi ) • • • (Ker° n Gro_ i ),

and the set of elements commuting with x is JoGroJo , where

Jo = K^(Ke2'r\Gi)---(K^nGr^i).

If r0 = r, then Gro = Fx and Fx normalizes Jo. Let F(7) = Er for

j < r, and extend ^ to a character p on H = 770Frx  trivial on ro ; this is

possible in [H : H0(w)] = e • JT/Lo C< ways. Because Fx commutes with x

and normalizes Jo , one checks easily that Fx 7o commutes with p ; indeed,

px = p ■& x £ Ef Nx . This completes the proof in this case.

If zrj < r, we extend x to a character on 770(Gro n Ze7^e) that is trivial on

(Gro, Gro) n ZeAre and is hence fixed by Gro ; note that (Gro n ZeKe) normalizes

77o , by Theorem 6.1. Lemma 4.1 says that the extension is possible, because any

element of (Gro, Gro)nHo is a product of commutators in (Gror\ZeKe, Gron77o),

and we know that y is 1 on these elements. There are FT,0,    j_, C, different

restrictions of these extensions to 770(Gro n Ker°+l ), as one sees by calculating

the index of the commutator subgroup. (If Xi is one such character defined

on Ho(Gro n K]e), the number of such extensions of xi to H0(Gro n K}e~x) is

[Gr0 n K]e~x : (Gro n 7C/)(SLro nK¿~x)], where SLro is the special linear group

corresponding to Gro ; this index is qf'o if (j - 1 )ero is a multiple of e and 1

otherwise.) Choose one extension (to be called x) for each restriction, and form

the tensor product p = X® Po, where po is a representation of a subgroup 77i

of Gro n ZeKg satisfying (i)-(vi) for the triples (Si/fia, e¡/ero, fi/fi0), r0 + 1 <

i < r, constructed via the inductive hypothesis (and extended to be trivial

on 770(Gro n Kg'0+>   ) ; 77 = H0Hi, and the F(j), My), Gy) are as defined

inductively for po . One checks that there are e • YíjZo Q such representations

(note that these representations need be trivial only on w , not on n"0,  ° r° ).

The points that still need checking are (v) and (vi). Let 77' = H C\KX and

px = p\Hi .   Then J0 = Ke"(Kg2' n Gi)---(^r° n Gro_,)  commutes with p.

For if y g 770(Gro n Kx) and w £ Kg'' n G,_i , then xb^y-1^-1) = 1 by

Lemma 4.2(b) because 2t'¡ + 1 > t¡ + 1 and u; commutes with # on 77¿'+1 .

So to prove (v), we need (in view of Theorem 6.1(7)) only determine which

elements of Gro commute with px, and now (v) follows from the induction

hypothesis. The argument for (vi) is essentially the same. If px , p~x are

conjugate, then they agree on 770, by Theorem 6.1, and, since ./V'ro = N'ro+l+x ,
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they agree on 77 n Ker°+' . On this group, both are multiples of the same

character x ■ We have fixed an extension of x to 77', which we also call x ,
and /9<8>;t-1, p~ ® X~x are conjugate. Now the inductive hypothesis proves
that px ^/)M.   D

Remark. We have not shown that representations corresponding to different se-

quences of triples are nonconjugate. For fixed e and /, different sequences of

s¡ lead to pairs (77, p) whose restrictions to their respective 771 are noncon-

jugate over ZeKg because one can read off the s¡ from the indices [77 n K¡ :

HC\KJe+x] ; since the s¡ determine the e¡, we can have conjugacy only if the se-

quences of Si and c, agree. For the fi, one can use the arguments proving (11)

in the proof of Theorem 6.1 or use the fact that the indices [77n7i/ : 77nA^+1],

[Nj : NJ+X] determine the fi . We say more about this in the next section, and

we deal with different e, fi in §10.

9

The next step is to extend p to a representation px on / that is a multiple

of p on 77 n Kg1 . The procedure is fairly standard and goes back to [10]; here

is a sketch. Suppose for definiteness that tx is even (if it is odd, then t\ = t"
t"

and there is nothing to do at this step).   Pick a cross-section for 77ÄV /77,
t"

and extend p to HKe'   by making it 7 on the cross-section.   Then p is a
t"

projective representation on HKe[ . The cocycle defining the multiplier projects

to a cocycle on 777^' /HnKx. This group can be regarded as a subgroup of the
t" t"

semidirect product of a symplectic group with Kel /H n Kel . When p is odd,

the cocycle is the inverse of that for the Weil (or oscillator) representation; a

unified treatment (including p = 2) is given in [8], and the cocycle is computed
explicitly in [5] for the case of division algebras.   Tensor p with the Weil

t"
representation Xx to produce an ordinary irreducible representation on HKe' .

Repeat this construction for all even z", > 0 to get pi . Further details are given

in the Appendix to this paper. As noted there, distinct p produce distinct pi .

(9.1)   Theorem, (a) Let pi be as above. Then n = lnd^pi is irreducible.

(b) Let (px, J) and (p^, J~) be distinct representations, constructed as

above on subgroups of ZeKe from completely satisfactory representations. Then

the induced representations n and n~ on G are distinct.

Proof, (a) From [17], we need to show that if x G G is such that p\ and px
intertwine on their common domain, then x G J ; Proposition 8.2 says that if

sr > 0, this is already true for Pi\H¡ ■ When sr = 0, Proposition 8.2 says that

x g JxGr-iJx . Since Jx ç J, we need only consider x G Gr-i. The argument

of Lemma 14 of [10] shows that x also intertwines po with itself, where po is

the lift of the cuspidal representation of GL„r _{(kfr _,) used in constructing p.

From Theorem 4.1 of [3], x £ J.
For (b), let the triples associated with p^ be (s~ ,e~,f~), 1 < /' < r~ ; we

assume that er~ = e. Suppose that px and /z~ intertwine on their common

domain. By restricting to HnKx and H~r\Kex, we may assume that px and p~

intertwine on their common domain. Without loss of generality, we may assume

that sx > s~. Assume that p(l + y) = ¥ °Tr(ac¡7-'iy) and p~(l + y) = y/ o
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Tr(a~w~'[y) for y G As¿ . From Proposition 5.3, (sx, Cj, fx) = (s? , ex , fx)
and aw -t< , a~w~h are conjugate by an element of ZeKe. Since we chose only

one element from each conjugacy class, p = p~ on Kel = Kg' n 77 = Kp n 77~ .

Assume inductively that (s¡, e¡, fi) = (s~, e~ , ff) for / < i (where z" is

the largest index with s¡ > j), that E(h) = Efo for h < j (so that, in particular,

K¿C\J = K¿nJ^), and that p = p~ on this group. We want to extend this result

to / - 1. From Proposition 8.2, x G NiWU)N>. Let N( = W n Kxn/f,. Then

Wy) contains a set of coset representatives for NJ/N{ , so that x G NJxWy)NJ .

Write x = zcZzzc' (k, k' £ N(, b £ Wy)), let p\Kj-¡nH be a multiple of ^,

and write x — XoXa' = XoX' as in the proof of Theorem 6.1; write ^~ = xoXß1
correspondingly.

We saw in the proof of Theorem 6.1 (especially in the construction of r¡y-i))

that for y G A:/_1nG{7) and ko £ N{, x(koykôx) = x(y) \ similarly, x~(zcoyzc0_1)

= X~(y) - For w £ k~x(Krx n G(;))zc , let y = kwk~x ; then

r*'~V) = X~ik'-Xk-Xykk') = X~(y),

by the above result with zco = (zczc')_l • Since (xk)b = (x~)k'~x on their com-

mon domain and Xk(w) = X(y) - we get

X~iy) = X~k"\w) = Xkb(w) = xbiy),     all y g KrxnGU)nb-x(KrxriGy))b.

Since Gy) commutes with #o , we have ^q = ^o • Therefore xb' = Xß1 on these

elements. But for y g K¡~x n Gy),

Xa'(y) = ¥ o TrM(ya"''),        Xß>(y) = ¥ ° Tr^\yß0~'),

where a = Tre, a' and ß = Tre/ ß'. Since az/('^J and ßf]x^j generate fields

over Ey), Proposition 5.3 implies that otn)fJ and ßnXy~)J are conjugate. Be-

cause we picked only one element from each conjugacy class, a = ß ; because

we picked only one a' for each a, Xa' - Xß' ■ This also shows that ti+x = j -I

iff i~, = j - I and that •?,+■ =»?,+ ,, fi+x = ffx in that case. This extends the
induction.

When sr = 0, this forces s~ = 0. As in (a) we show that p\ intertwines p~

only if x intertwines the corresponding cuspidal representations of po , Po by

invoking Lemma 14 of [10]; then Theorem 4.1 of [3] shows that we must have

Po — Po   and hence p = p~. This completes the proof.   D

10

This section is devoted to computing the formal degrees of the supercuspidal

representations computed in the previous section. This is done in three parts.

We begin with the data (s\, e\, f\), ... , (sr, er, fir), and compute [ZeKe : J],

J as defined in (4.5). Then we compute the degree of the irreducible repre-

sentation t = \ndj^zeKe P\ , P\ as defined just before Theorem 8.2. Finally,

we compute the formal degree of the supercuspidal n induced from t . The

calculations are similar to those in §2 of [6].
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(10.1)   Lemma. Use notation as in §§6-8. Then

z r Qa°c(fir/c(f/fr_x)  ifisr = o,

J     \q^c(f)el(qf-\)       ifsr>0,

where c(f/fi) = (qf-l)(qUflf>-V-l)(qKflf>-V-l)---(qf'-l), c(f) = c(f/l),

r

Y/ijin,.! - «,) + «(/- l)/2 - n/ + /    (fa. > 0,

<*o= <

i=i

5]/íí'(«/-l - »0 + »(/- l)/2 - fi(fi/fr-l - l)/2 - /» + /»,. -1

i'=l

ifsr = 0;

n¡ = n/qfi, and e0 = /o = 1.

Proof. We have

[ZgKg : J] = [ZeKg : JKe][JKe : J],

[JKe :J] = [Ke:Jn Ke] = [Ke : (J n Ke)Kx][(J n 7^)7^ : 7 n Ke],

[(J n7Q7Ç1 :Jf)Ke] = [Kxg :JnKx],

and so on; hence

[ZgKg : J] = [Zetfe : /T^fTC : (J n Kf)#] J][^': iJ n KÍ)KÍ+^-
7=1

(The terms in the product are 1 for j > t".) Since ZeKe n Gr contains a

generator of 4 (regarded as an ideal of Ae), we have

[ZeKe : JKe] = 1.

Next,

[Kg : (J nKe)Kx] = [mf : mf n J];

«zx has qeHf-l)/2c(f)e elements. If sr > 0, mx n / = (/c/)x has ^ -

1 elements; if sr = 0, zwx n 7 = GL^,^/,,,) has c(///r-i)?/(///r-'"1)/2

elements. Finally, if r"+, < ; < f" (we take r"+1 = 0), then

[K¿ : (J0 n KJ)K¿+X] = [me : me n M(] = ^O-»/*///).

Hence if sr > 0, then

[^:/l = í*c(/)'/(í/-l),

where

oo = <?/(/ - l)/2 + c/V,' - 1) - ¿ e/2^' - /;'+1)/c,7¡ + efi2/erfi ;
i'=i

if sr = 0, then

[ZgKe:J] = qa°c(fiy/c(fi/fr-i),

where (since er = cr_i in this case)

a0 = efi(fi- l)/2 + ef2(t'{-l)-fi(f/fi-i - l)/2
r-\

-J2efi2(t'i'-t'/+i)/e,fi + efi2/erfi.i.
i=i
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In this last expression, we can sum from 1 to r because t" = t"+x =0. Now

use partial summation and note that erfi = efi = n .   D

We now consider dimpx, px as defined before Theorem 8.2. First of all, p

(as in Lemma 8.1) has dimension 1 if sr > 0 and dimension q(f/fi-\)/(qi- I)
if s, = 0 (see, e.g., [22]). Second, we tensor by a representation of dimension

[m{'~'(«?,•_ i) : m{'(e¡)]l/2 = ^/t".-.-".)/2 if t¡ is even and > 0 and by a repre-

sentation of dimension 1 if t¡ is odd or 0. Combining this with Lemma 10.1,

we get

cifY
(10.2) Dim t =-^-c?a|,

qi - 1

where, for sr > 0,

«i = ¿/<i'(«/-i - «i) + n{f2X) "»/ + /+ E ^"'-' - w')/2

(10.3) ,=1

z=i     v '

(since i*;.' = (f, + l)/2 if t¡ is odd and t'¡ = t,/2 if t, ^ 0 is even)

(10.4) =¿/|(„/_1_n/)_£zZ;
!=1

for 5r = 0, we have (similarly)

"(/-I)       /(///r-l-1)fli = E^'(n«-i-"')-
2 2

-/«+/«f_,+ E/("'-r"')
(i even

*0

Wf'i' + 1lr„ „ï     ^     (^-/)  ,  /•

i=i

(since rar_, = f/fi_x)

= E/f(«.-.-«.)-^i=i
just as in (10.4). Thus we have proved:

(10.5)   Lemma. Use notation as in §§6-9 and as above. For the representation

x = Ind^Ze*,, p\,

c(f)e
Dim t =    Y ', qa¡,        ax as in (10.4),

qj - 1

where etfint = n.    D
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We can now compute the formal degree of the supercuspidal it induced

from t . The appropriate normalization of Haar measure for G (or, more

properly, G/Z\ ) is that which gives the Steinberg representation formal degree

1. It is standard (see, e.g., [3] or [21]) that this measure gives KXZX/ZX volume

n~x(q" - l)-'c(«) = «-' F["jZXi(qj - 1). Lemma 2.2.7 of [6] then shows that

vol(ZeKe/Zi) = ec(f)ec(n)-x vol(ZxKx/Zx) = f~x(qn - l)~xc(fy .

Combining this with (10.4), we get

(10.6) Theorem. Any supercuspidal representation n associated with data (s¡,

C/, fii),  I < i < r, has formal degree

a" - 1
-^7—T*"' •

qJ - 1

ai as in (10.4), where t¡ = s,/f.    O

Remark. This formula is the same as that of Theorem 2.28 of [6]; in that paper,

ji = (U + l)/2. It is easiest to use (10.3) to compare the results.

We need one important corollary of Theorem 10.6.

(10.7) Theorem. Let n be a supercuspidal representation of GL„(F) associ-

ated with the data (s¡, e¡, fi), I < i < r; let n~ be another supercuspidal,

associated with the data (s~, e~, f~), 1 < / < r~. Let f = fi, and f~ = f£i-
Suppose that f ^ f~ . Then n and n~ are inequivalent.

Proof. Let / = fiofi*, where (fo, p) = 1 and /» is a power of p; write /~ =

y¿~/*~ similarly. We may assume that /*|/~ . Then the largest factors in the

formal degree of n , n~ prime to p are respectively

,g"-l f~ q" - 1
•V-r     Joqf~-r

By Lemma 4.1 of [6], these numbers are unequal if fio ̂  fio ■   D

11

In this section we complete the proof of Theorem 1.1 by proving:

(11.1) Theorem. Every supercuspidal representation of GL„(F) is obtained by

tensoring a character with one of those constructed in Theorem 8.2.

Proof. Since every supercuspidal is the tensor product of a unitary supercusp-

idal trivial on Wf with a quasicharacter, we restrict attention in what follows

to this class of supercuspidals. Let ¿f°(G) and tfsp(G) denote respectively the

sets of (equivalence classes of) supercuspidal representations and of (equiva-

lence classes of) discrete series, but not supercuspidal (= generalized special)
representations of G trivial on wp ■ (In the rest of this proof, we do not

distinguish between a representation and its equivalence class.) For an integer

m > 0, write g*(G) and ^(G) for the subsets of g*°(G) and ^(G) re-

spectively with conductoral exponent < mn . These, as we shall see, have finite

cardinality.
We have already constructed certain elements of §^(G). For a sequence S =

{(si ,ex, fx), ... ,(sr,er, fir)} of triples, define a(S) = sx and n(S) = erfi =

n. We have associated to S a sequence Cs of supercuspidal representations; its
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cardinality, \Cs\, is given in Theorem 8.2. It is proved in [2] that if n g C$,

then the conductoral exponent c(n) of n is sx = a(s). We construct other

supercuspidals by tensoring these n with characters. To avoid repetitions, we

proceed as follows: (G n KJ„)/(G n KJ„+l)(SL„(F) n KJ„) has one element if
n\j and q elements if n\j. In the latter case we write j = mn and choose

q characters Xm,i, ••■ , Xm,q of G, trivial on G n K™n+X and distinct on

G n K™" ; we take /m, i to be trivial. If mn > Si , we let a be the smallest

multiple of « that is > Si and let Cs(m) = {t = ?r ® Xa,/a ® • ■ • ® ^m,/m : 1 <

Jh<Q, n G C5} ; for convenience, we write Cs(m) = Cs if «J« = a(S). Then

if F = {(5* ,«?*,/,*),..., (sr*„, <?;., /;. )}, we have Cs(m)nCr(«î) ^ 0 only if

S = T, and the elements of Cs(ra) constructed above are all distinct. Proof:

if er t¿ e*., the formal degrees differ, so we may suppose that er = e*. = e.

Suppose that xx = nx ®Xaja ® ••• ®Xmjm £ Cs(m) and that x2 = n2®Xb,hb®

■■■®Xm,hm£CT(m). Then xx is induced from p~ = px <g> Xaja ® •• • ®Xmjm ,

where we also write Xaja for its restriction to the group Jx on which /?■ is

defined; similarly, T2 is induced from p2 . If sx, s\* = zn«, then there are

no characters Xc,hc in the tensor product and we already know the result. If

5* = zn« > sx, then /z~ is a multiple of Xmjm on Kfe, while p2 is a

multiple of p2 there; Lemma 5.3 implies that p^ , p2 are not conjugate, so

that Ti and T2 are not conjugate. If sx, s* < mn, then px is a multiple of

Xmjm on K™, while p2 is a multiple of Xm,hm there; Lemma 5.3 implies

that Xm,jm =Xm,hm on K™ D K™n . Therefore jm = hm . Tensor with x„\jm

and continue inductively.

If t ^ n , the conductor c(t) of x is shown in [2] to be mon , where m0 is

the largest index with hmo ̂  1. (If t = n, we have already computed c(x).)

Thus all members of Cs(m) lie in g°(G). Let r»(G) = {t g Gä : t g C5(m)
for some »S with a(5) < m}. Since \Cs(m)\ = \Cs\qm~la{S)/n], we see that

\?¿(G)\=   J2   \Cs\Qm-[a(S)/n] -
a(S)<m

We want to prove that |S^(G)| = |§^(G)|. We argue by induction on « , the

case « = 1 being trivial.

Let D = D„ be a central division algebra of dimension «2 over its center F.

The unitary dual of the multiplicative group Dx was constructed in [4]. The

representations in (7)x)~ are classified by sequences S = {(sx, ex, fx), ... ,

(sr, erfi)} satisfying (1.3), except that we require only the erfi\n . Let n(S) =

erfr (this is consistent with the previous definition of n(S)). Corresponding to

S there is a collection of representations C's C (Dx)~ ; the elements n' £ C's

all have conductors c(n') = sx = a(S). There are other elements of (Dx)~

(again, we consider only representations trivial on wp), formed by tensoring

with characters x'a /, » ••• • just as for G. If we define C's(m) in a manner

analogous to Cs(m) (i.e., one tensor with x'a /, , ■ •• » X'm /¡m) • then the formula

for c(x'), t' g C's(m), is the same as that for elements of Cs(m). In particular,

elements of C's(m) have conductors < mn, and elements of C's(mx), mx >

m, have conductors < zn« iff they are in C's(m). Furthermore, |C¿(zn)| =

|C5(zn)| when n(S) = n ; this follows from Theorem 5.5 of [4]. Thus if we

let 9£(Dn) = {t g (Dxr : x £ C's(m) for some S with n(S) = n}, then

\^(D„)\ = \^\(G)\.
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Let ^°(Dn) = {t g (7)x)~ : t g C's(m) for some S with n(S) = n0} , where

«o|« . (For «o=l, S = 0, and C0 is the set of characters trivial on the first

congruence subgroup Kx that factor through the reduced norm map. There are

»7-1 such characters; thus \C0\ = q-l and |C0(zn)| = (q-l)qm.) One can see

directly that \^(D„)\ = \^(D„a)\ ; if «0|« , \^a(D„0)\ = |ÍTm0(GL„0(F))|, by
the inductive hypothesis. Let %?m(G) be the set of irreducible square-integrable,

nonsupercuspidal representations of G with conductor < zn« (i.e., the set of

elements of ¿fsp(G) with conductor < mn), then

\^P(G)\=     £     \^(GL„0(F)\,
n0\n,n0¿n

by [23] (plus Theorem 3.4 of [9], for calculation of conductors). Since

\%»(G)\ + |rm°(G)| = £ \9^(Dn)\ = \ëff(G)\ + \^(G)\
n0\n

by what we have just proved, |§2J(G)| = |<§^(G)| and the induction extends.

This proves the theorem when char F = 0.

For the case char F = p, we use [13]. Let zn > 0. Then there is a

field F0, charFo = 0, such that the Hecke algebras ^'(GL„(F0)//KlmH+l),

jr(GL„(F)//K™"+x) are isomorphic. (If F = ¥q((x)), q = pb, then let

Fo = Qp(a, Wo), where Qp(a) is unramified of degree b and w0N = p for some

large N.) From [13], there is a 1-1 correspondence between the discrete series

representations of GL„(F0) with a 7C1m,!+1-fixed vector and those of GL„(F)

with a Klmn+l -fixed vector. (The Hecke algebra isomorphism constructed in

[13] is obviously an isometry for appropriate choices of Haar measure. As

noted in [12], this gives the correspondence for discrete series representations.)

A discrete series representation n with conductor < zn« has a Klmn+x-fixed

vector, since it is induced from a representation on an open subgroup with such

a vector. Conversely, if any of the representations we have constructed have

AT[""+I-fixed vectors, they have conductor < mn. For, in the terminology of

[11], if the representation n has conductor j, then n has a minimal TC-type
of level j/n . The uniqueness property of minimal A^-types says that n has no

K{-fixed vectors. (See also [2].) Since the discrete representations we have con-

structed with conductors < zn« for the two groups correspond 1-1, the theorem

for GL„(F) follows.   D

Remarks. 1. In [14], Koch computed X^0|n \&m°(D)\ by calculating the number

of conjugacy classes in Dx/(w)Km+x, where Km+X is the (zn+l)th congruence

subgroup. One can group conjugacy classes by sequences S with properties

like (1.3), except that erfr\n and the s, increase. Roughly speaking, for the

conjugacy class represented by x there are elements x, such that F[x¡]/F has

ramification index e¡ and residue class degree fi and such that x^'x G PSi

(where P is the prime ideal for the integers of 7),), but no such congruence

(with c,, ft) is possible mod Ps,+X . It is not hard to use results in [14] to show

that |C¿(zn)| is the number of conjugacy classes corresponding to sequences

(zn« - sx, ex, fx),..., (mn - sr,er, fir). This would give a different way of

completing the counting argument given above.

2. It is likely that the results of [12] on Hecke algebra isomorphisms apply

also to the wildly ramified case.   If they did, one could also prove Theorem
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11.1 by comparing formal degrees in (Dx)7 and in ^°(GL„) U ̂ sp(GL„). In

fact, the formal degrees of the supercuspidals in Theorem 8.2 are the same

as the formal degrees of the irreducible representations of Dx wit the same

data (si, ei, fi), ... , (sr, er, fi-), constructed in [4]. This means that once the

Hecke algebra isomorphism theorem is extended, one has the following exten-

sion of the results in [6]: for any « and sq , there is an «o such that for q = ph

with h > ho , the correspondence of the Matching Theorem associates represen-

tations of Dx and GL„(F) with the same data (s\, e\, f\),... , (sr, eT, fr)

whenever Si <Sq.

Appendix

Here is the cocycle calculation mentioned at the start of §9.

We assume inductively that we have extended p to a representation (which

we also call p) on 77(7 n Ke') that is a multiple of a character x on 77 n Kx .

We want to extend this situation to 77(7 n KlJ') = 77(7 n KeM). Write 77, =

77(7 n K'J), 7, = 77(7 n Ke'), 77/ = 77, n K¡ , and 7/ = 77, n K{ . If t, is odd,
then 77, = 7, ; we therefore assume t¡ even and write / for t". Lemma 6.2

lets us write x\H¡ as XoX\ • where Xo extends the character xo,¡ of Theorem

6.1(8); xo extends to a character of 7/, by Lemma 4.1, since G, commutes

with xo and 7/ Ç (Ke n G,)(77, n K%). We shall assume that sr = 0; the
calculations with sr > 0 are similar, but easier.

Write zn = me'~'(er-i), mx = set of elements of zn whose image in Ae/A\

is invertible; we use coset representatives for zn , znx as described in § 1, but

we will refine this later. Write n = nr = nr_x . Coset representatives for 7//T7?

are given by elements 1 + an', where a runs through a zn^ (<?, )-subspace V

of mg'(ej-i), and coset representatives for 7,/77, by elements 3nh(l +ant),

where 8 £ mx , h £ Z, and a g V. 77/ is normal in 7,.

We need two other facts before we start on the calculation:

(1) Xo = Xo for 3 £ mx (because znx ç G,), while Xo Xö1 = ¥(h) is a

character on 77//T7-'. The y/^ are fixed by znx because n~k normalizes znx

(mod elements of 77/ , which fix t/(A)).
(2) The alternating bilinear form B on V defined by 7?(ai, a2) =

^.((1 -r-a.z/'), (1 +a2i7')) = /i(l + (a^'a2 -aa2ai)r]2t) is nondegenerate. (This

is a calculation using Lemma 4.7.)

For x G J¡ , px and p are equivalent. In fact, a stronger statement holds: if

x = 1 + an' is one of the cosets representatives in 7/ , then Lemma 4.2 implies

that px(y) = p(y) for y g 77/ .

For the coset representatives 8nh , p is already defined. We extend p to a

projective representation p, on 7, by

Pi(x(l+an')) = Xo(x-+ari')p(x), x G 77,,   a G V .

If we knew that p\H, were irreducible, this would be a projective representation

by general nonsense. In our case, this needs to be checked, but it falls out

of the following computation.   (It can also be easily verified directly.)   For
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yi, y2 G 77/ , we compute:

Pi(yi8ing(l + ain'))pi(y232nh(l + a2n'))

,A n ■[Pi(yi8irig(l+air,')y282nh(l+a2n<))]-x
(A-.l)

= Xo(l + onn')xo(l + a2n')p(yi3ingy232nh)

•[Pi(yiôlri8y2S2nh)pi([y282nhrx(l + ain')y282nh(l + a2n'))]-x .

Write y2x(l+ain')y2 = zo(l+ain'), with zq G 77/+1 ; x(zo) = 1 from Lemma

4.2. Then ;f([<52z/A]_1zo<î2z/A) = 1 - since <52i7Ä commutes with x °n 77/+1, and
we can omit this term from the calculations. Hence

My2^Ar1(l+aiZ/0y2¿2^(l+a2z/0) = /9,a¿2^r1(l+«i^)¿2^(l+a2V')).

Write [82hh]-x(I + ait]')82r]h = u(82, h; ax)(l + a3n') with a3 G V and

u(82, h ; ax) £ 77/+1 . Then the last expression is

Pi(u(82, h; ai))pi(l + a3n')(l + a2n'),

which is scalar. Thus (A.l) is scalar (and p¡ is projective). Write

(1 -r-a3z/')(l-r-a2z/') = (l-r-(a2+a3)z/')z(a2,a3), z(a2, a3) G 77/.

Then

Pi((l + a3z/')(l + a2t]')) = Xo[(l + (<*2 + a3)n')z(a2 , a3)]xi[z(a2, a3)]7

= Pi(l+ a3n')pi(l + a2n')xi[z(a2 , a3)],

and

Pi(l + a3n') = Xo(l + ail') = Xo(u(32, h , ai))'1 y/w(l + aiti').

So the scalar in (A. 1 ) is the scalar in

[pi(u(32 , h , ai))Xo(u(82 , h , ai))~x ¥{h)(x- + otin')xi[z(a2 , a3)]]-x ;

that is,
[Xi(z(a2, a3))y/W(l +ain')xi(u(82, h; ai))]~x .

Write i(ôx ,g,ai;32,h,a2) = y/W(l+ains)Xi(u(32, h ; a,)) = X*(S2nh , a,).

This is a 2-cocycle (here, (3, g, a) represents 8n8(l+ an')), since, as is easily

checked, the other factor is also a 2-cocycle. We now analyze ¿;.

First of all, we get rid of r5» and 82. We can write 8nh = nhe for some e £

mx . We now refine the choice of coset representatives. Let m = Mf^^^kf^)

be the image of m in Ae/Axe , and similarly for m* ; let 8 G zñ correspond to

8 £ m; similarly, let V = a complement to «z^+l(c,+i) in m{'(e¡) (where the

bars signify that we are working in the quotient spaces, not with coset repre-

sentatives). We can choose V to be stable under the action of mx given by

a h-> 8a(8 )~x , 8 £ mx . The reason is that we can regard rrf^fi) as e/e,

copies of Mfif(kf) and zñ^+l(c,+i) as »?/»?,+1 copies of 7ñ^//,+l, embedded in

each (c,y<?,+i)th copy of Mf/f(kf) ; we take the complement in a summand to

be the complement under Tr when a copy is embedded and to be all of the sum-

mand when no copy is embedded, and sum. We now divide V into orbits under

the above action and choose coset representatives in each orbit so that for some

a in the orbit, the coset representatives for the other representatives are all of the
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form 8a(8a')~x for some 8 £ mx . It is not then true that for arbitrary 1 +an',

we have 8(1 + an')8~x = 1 + C,n' with C = coset representative for 8a(8a')~x,

but it is true that if C is that coset representative, then 8(1 + ar\')(8a')~x =

X(l + Çn')(Xa')-x with X £ Gr-if)Kx . (If ß = 80a8öx with 80 £ mx and C =

8xa8xx with 8X £ mx , take X = 8X80~X .) Now let n~h(l+an')nh = (l+a0z/')y,

where a0 G V and y G G,_i r\K''¡ , and suppose that ea0(eCT')_1 = Xax(Xa')~x ,

where 8nh = nhe, ax £ V, and X £ Gr-X n Kx. Then

(8nh)~x(l + a0n')y8nh = X(l + axn')X-x • e~xye.

Since ¥^ is stable under znx and x\ is stable under Gr-Xf)K¡ (use Lemma

4.8 to show that x and xo are stable under Gr_i n Kx), it follows that

C(<îi, g,ax;ô2,h,a2) = Ç(g,ax;h,a2).

We shall write this last simply as C(g, ax ; h, a2). It is independent of g and

a2 ; sometimes we write C(g, ai ; h, a2) = x*(h, ai).

The cocycle condition gives

X*(h, ai + a2) = C(g ,a{+a2;h, a3)

= C(g, ax; 0, a2)C((g, ai)-(0, a2); h, a3)

= C(g, ai ; (0, a2)-(h, a3))C(0, a2 ; h, a3)

= X*(h,ai)x*(h,a2),

and similarly

X*(g, a)x*(h , ag) = x*(g + h , a),

where a8 is the element in V such that 1 + n~gansng is represented by 1 +

agns. So if we write

X*(r,g,a) = tp(g)(a),        tp:M/Mx^V~,

then tp is a 1-cocycle. If tp is a 1-coboundary, then so is C, since if <p(g) =

pg/p, then C(g, a-; «, a2) = ^((g, a,)-(Ä, a2))/v(g, ax)v(h, a2) if <v(g, a)

= p(a). Thus we examine tp .

Since z/^-' is a central element in GL„(F) times an element of 77/ , it is

easy to check that tp has order dividing er-i = er. Because V~ is a /z-group,

standard theory shows that tp has order dividing p . This, of course, makes tp

(hence C) trivial if (p, er) = 1 . If p\er, we use the inverse of the other part

of our cocycle,

Co(8ing(l+ain'),82nh(l+a2nt)) = Xi(z(a2,a3)).

This is the cocycle corresponding to the Weil representation, and

Co(l+ait]', l+a2n') = B(ai,a2)

is a nondegenerate bilinear form on V x V. Hence there exists ao with

Co(l+a0n', I + an') = <p(l)(a)~x    Va G V.

If we replace z/ by n» = n(l + a0n'), then

CoC(8ing(l+ait1'),82nh(l+a2n')) = Co(8it1g(l+ain'),82r1hM+a2n')).

That is, the cocycle (QC)-1 is the inverse of one for the Weil representation,

but we need to use z/» instead of n to generate the cyclic element. Another
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way of saying this is that we are applying an outer automorphism to 7,77/ . (If

2 fe, we can use z/* as a substitute for z/, and redefine F,, G, accordingly.

When 2|c, this may not be possible because conjugation by z/, need not nor-

malize Ff .) The outer automorphism depends only on x • and not on all of o .

We now tensor with the Weil representation W to get an ordinary irreducible

representation on 7,. Note that W is trivial on 7/ , so that the induction

hypotheses apply to ox ® W. Since W is irreducible on K'/H', any operator

commuting with Oi®W must be of the form A® I; as ai is irreducible on 77,,

A must be a multiple of 7. Therefore oi®W is irreducible. This concludes

the construction.
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