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A CONSTRUCTION OF THE SUPERCUSPIDAL
REPRESENTATIONS OF GL,(F), F p-ADIC

LAWRENCE CORWIN '

ABSTRACT. Let F be a nondiscrete, locally compact, non-Archimedean field.
In this paper, we construct all irreducible supercuspidal representations of G =
GL,(F). For each such representation 7 (which we may as well assume is
unitary), we give a subgroup J of G that is compact mod the center Z of G
and a (finite-dimensional) representation ¢ of J such that inducing ¢ to G
gives 7. The proof that all supercuspidals have been constructed appeals to a
theorem (the Matching Theorem) that has been proved by global methods.

1

Let F be a p-adic (= locally compact, nondiscrete, non-Archimedean) field.
In this paper we prove:

(1.1) Theorem. The irreducible supercuspidal representations of GL,(F) are
all induced from representations of open compact (mod center) subgroups.

In fact, we construct a set of inducing representations for the supercuspidals
of GL,(F). This should make it possible to do further calculations concerning
these representations. For example, in this paper we compute their formal
degrees explicitly.

The first major breakthrough in constructing supercuspidals for G = GL,(F)
was made by Howe [10], who gave a construction in the case p{n (the “tamely
ramified” case). Moy [19] proved that Howe had indeed constructed all the su-
percuspidals for these n. Meanwhile, Carayol [3] gave a construction for prime
n (including n = p). In all these cases the general outline was the same: one
first uses the similarities between G and D, (where D, is a central division
algebra over F with [D, : F] = n?) to construct a set of supercuspidals for
GL,(F), and then uses the Matching Theorem of Deligne-Kazhdan-Vigneras
[7] (see also [2i]) to show that the set is complete. The proof given here uses
the same procedure. In using the Matching Theorem, it is necessary to know
the number of irreducible representations of D) with conductor less than a
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2 LAWRENCE CORWIN

fixed number m . This information is provided in [14]. It is therefore not es-
sential in the second step to know (D;)", although it is useful. However, the
construction of D) given in [4] is similar to (but simpler than) the one used
here. (We remark further in §11 on the logical connections between this paper
and [4].)

The procedure described above for showing that one has found all supercus-
pidals can succeed only for reductive groups of type A, , because only for such
groups is there a compact form of the group. For this reason it is important to
have “intrinsic” or “local” proofs of the completeness of the construction. For
GL,(F), n the product of two primes, Kutzko and Manderscheid [16] have
shown that all supercuspidals are induced. More recently, a proof of complete-
ness for the case (7, p) = 1 has been given by Howe and Moy [11], and for the
construction in [10] (n prime) by them [11] and Bushnell [2]. These rely on
the theory of minimal K-types, developed originally by Howe and Moy. The
construction in this paper seems well adapted to the minimal K-type picture,
and it would not be surprising to see a local proof of completeness in the near
future.

The problem of constructing supercuspidals exists, of course, for general re-
ductive p-adic groups. For GL,,(D), D a local division algebra, the methods
of this paper seem to apply with only minor modifications. (These groups are
of course of type A,.) Gerardin [8] gives a construction of some unramified
supercuspidals; more recently, Morris [18] has given a construction in a situa-
tion like the “very cuspidal” case of Carayol; Moy [20] and Asmuth and Keys
[1] have analyzed the situation for GSp,(F), Moy in the case p # 2 and As-
muth and Keys in general. A complete analysis of the general reductive case
will probably depend on advances in the theory of minimal K-types.

A very rough idea of the construction is as follows: supercuspidal represen-
tations are connected with anisotropic tori, and we should therefore look at
maximal compact (mod center) subgroups that contain such tori. In the tamely
ramified case (where n is prime to p), one then considers certain characters
of the torus that are appropriately nondegenerate. One then determines the
elements x of the subgroup such that conjugation by x fixes x, extends yx
to this subgroup, and induces to get the supercuspidal. (In some cases there is
an additional step, that tensoring by a finite-dimensional representation like a
representation of the Heisenberg group. One may also need to tensor with lifts
of cuspidal representations of GL,,(ks), where k; is the residue class field of
an unramified extension of F and m|n.) The general situation is similar, but
the characters are no longer characters on the torus; instead, they are defined
on certain subgroups of the compact open subgroup in a way that associates
them with the torus less directly. The key property is that conjugation by el-
ements of the torus fixes the character. That is, we concentrate more on the
group of elements fixing y under conjugation than on y itself. Eventually, we
define x on a compact-mod-center subgroup H such that only elements of H
fix x; we then induce to create the supercuspidal. (Again, there may be the
additional step of tensoring with a Heisenberg-like representation or with the
lift of a cuspidal representation.)

We now fix some notation in order to give a more detailed description of
the construction. Let n = ef and let VV = F"; denote by & the ring of
integers of F and by P its (unique) maximal ideal. Define a lattice chain
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.?={...,L_1,L0,L1...} in F" by
Ly=C®---®CF (nterms)
Li=0Cd---®dCodP®---®P (f P%)

Lo \=C& - &0 &P&---&P (fle—1)P)
Le=P@...®P,
Lyerj=P"L;  (0<j<e—1).

Set
Al ={xeM(F)=xL;CLi;Yi€Z}, j€Z, A.=4A4°,
K, = group of invertible elements in 4, ,
Ki=1+4, j21,
o 1 0 --- 0
o o 1 --- 0
(1.2) wy=}|:+ - -+ -« - | €GL,(F) (wF generates P),
o o0 --- 0 1
w, =w], Z, = group generated by @, .

Then w,: L; — L;; Vi and Z.K, is the normalizer of K, in GL,(F);
K, and the K] are all compact open normal subgroups of Z.K,. Further-
more, w¢ = wrl is central in GL,(F) and the groups Z.K, are maximal
compact (mod center) subgroups of GL,(F). If E is a field extension of F
with ramification index e and residue class degree f, then E* embeds into
Z.K, . Therefore each Z.K, contains anisotropic maximal tori, and indeed any
maximal anisotropic torus is contained in a conjugate of some Z.K,. (This
description of these groups, using lattices, was introduced into the subject by
Bushnell.)

Let k C @ denote the set of solutions to X9 — X =0, where ¢ is the cardi-
nality of the residue class field @ /P. The elements in k give representatives
for @ /P, and we usually identify the two. (This should not cause confusion.)
Then

KM /KMl > gm/qmth o (M (k) if m>1, under 1 +y— y;
K./K}! = GL/(k)®.
Write a typical element of My(k)¢ as a = (ag, ..., ae—1), Where each a; €

My(k). Then w, normalizes K" and K/"*', and hence induces an action on
M (k)¢ . This action is independent of m; in fact,

weawe“ =a%, a’ =(ay, ..., Qe_1, Qg)-

A similar formula holds for K,/K!. We also note a few facts about the relation
of K! and K/ when ¢le. Let e = e'ey. Then K7, C KJ if (j'—1)eg > j— 1
and Ke{, DK if jleg<j. If xe Aj, N A, then w.x € Af,i N A2t'. When
j'eo = j, there are coset representatives for K} /Ke{"“l that are in Kj (mod
I ADE
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For most of the paper, e (and hence f) will be fixed, and we will suppress it
in some notation. Let m, = M,(k)¢ and m; = GL,(k), so thatany y € Z.K,
can be written as
y=aqw(l + ay@, + ayw}+--),
where the «; are preimages in M,(Or) of elements of m, and ap is the
preimage of an element of m) . (We say more about the choice of preimages
below.) We usually write @ for w, and ¢ for g, .

Let y be a fixed additive character of F, trivial on Pr but not on @, and
define x, to be the character of M,(F) given by

Xx(¥) = w o Tr(xy).
Then it is standard that x — y, gives an isomorphism of M = M, (F) with
M~ under which (45) = A4}
We are going to start with sequences of triples (s;, ey, fi), ..., (S, e, fr)
with the following properties:

(i) s1>8>-->5>0;
(i) eilex|---ler, filfal---|fr, and 1 <elfi<-- - <efs;
(ili) e, = e and f, = f;
(iv) forall i, f|s; and e;(n/e;—;,s;))=n
(where ( , ) is the greatest common divisor and ¢y = 1) ;

(v) e,=¢€,_;if 5, =0.
We then construct supercuspidal representations n of G associated with these
triples.

The construction of m will occupy §§6-9 of this paper. The following is
a brief description (more remarks appear early in §6): We want to induce =«
from a character x on a subgroup H that we construct. (As noted earlier, this
statement sometimes needs to be modified slightly.) Define H/ = HNK] ; write
si = ft;, and assume that ¢; > 0. We will have y trivial on K**!';on K/,

x(1+y)=xx(¥)
for some x € A;" (where x is defined mod A}~"). Write
X=a_ w4, W =W,
the terms after the first are arbitrary. We require that a_, @ ~"* generates a
field over F of ramification index e; and residue class degree f;. (Condition
(1.3)(iv) says that if a_, " generates a field E), then e(E,)/F) =e;.)
We then show that the elements of G commuting with x| E,, 3r€ those of the
n

form g = w;xw], where w;, w; € Ké,l and x commutes with E,,. We also
begin to define H by declaring that H' = K/', where n=[n/21+1.

Assume now that 7, >t . We show that y has an extension o to K2 such
than any element of G commuting with E,, commutes with x,. (We say that
w commutes with y if y(wyw~!) = x(y) whenever both are defined.) Using
this, we construct extensions of y to K (for now, we denote a typical one by

x1) with the property that there exists a field E; of ramification index e; and
residue class degree f; such that g € G commutes with x, iff w = wxw],
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where w;, w] € K)77*! and x commutes with E;. The extension of x to
K!? that we want is, however, not y,. Any extension of y to K agreeing
with y; on K2*! is of the form

x(1+y) = xi(1 +y)w o Tr(x3y),

where x} € 47" (mod A;~"). Restrict attention to the elements y commuting
with E;. Then there is a unique element x; in the elements commuting with
E, such that for these elements,

v o Tr(x3y) = y o Tr(x2y).

Again, x; is defined mod Ao (The construction of x, from Xx; is essen-
tially the S,-map of [15].) We require x, to be such that E[x;] is a field
of ramification index e, and residue class degree f, over F. It then turns
out that there is a field E,,, with e(E,)/F) = e, and f(E,/F) = f2, such
that the elements of G commuting with y are precisely those of the form
wywyxwiw, , where wy, w) € K22 w,, w) € K}, w, and wj commute
with E;, and x commutes with E(,). (This does not define E(, uniquely.)

We also set #; = [t2/2]+ 1 and H% = H'((K2 N G,), where G = subgroup of
elements in GL,(F) commuting with E; .

We now iterate this. This is, we show that if ¢3 > ¢/, then x has an extension
Xo to K2 such that any w € G commuting with E,,) commutes with xo. (If
t3 < t}, a modified version holds.) We then consider certain extensions x; to

s with the property that for a field E, of ramification index e, and residue
class degree f over F,every w € G commuting with E, commutes with y; .
We require that x(1+y) = xi(1+y)woTr(x3y) on K} , where x} gives rise to
an x; commuting with E, such that e(E;[x;]/F) = e3 and f(Ey[x3]/F) = f3,
and so on. We also extend the definition of H ; of course, we need to show
that the new definition is consistent with what we have already done. (The
details are in Theorems 6.1 and 8.1; the induction hypothesis is complicated
so that we can carry along a large number of needed facts. In particular, we
compute exactly which elements of G commute with x| y; foreach j.) In
some cases, we eventually extend y to a subgroup H of Z,K, such that if w
commutes with y, then w € H. (In other cases, noted above, we tensor with
Heisenberg representations or cupsidals.) This shows that x induces irreducibly
to a supercuspidal 7.

The construction is so-arranged that at any time, one is dealing with computa-
tions involving only some K} /K,{‘“l . Another consequence of the construction
is that the “#;/2 problem” is eliminated. Set ¢; = [¢;/2]+1, as before. Then any
character y of K}',;/Kf,'+l ~ Al JALT! can be written as x(1 +y) = y o Tr(xy)
for some x € A;" (defined modulo A:,_'i) . This expression for x is of great
help in analyzing, for example, the elements w € GL,(F) commuting with x .
quever, if we need to extend y to a subgroup of K, properly containing
K, then y no longer has such a simple form. Since the analysis given here
does not depend on the above sort of expression for x, the above difficulty is
obviated.

This construction of n parallels the construction of irreducibles in [4]. We
use counting arguments based on the Matching Theorem to prove that we have




6 LAWRENCE CORWIN

constructed all supercuspidals. Thus we need to compute the number of su-
percuspidal representations and of other discrete series representations with
given conductoral exponent, and compare that number with the corresponding
number for division algebras. We also compute the formal degrees of the repre-
sentations 7. These latter computations are similar to those in [6]. They serve
the purpose of showing that supercuspidals constructed using Z,K, and those
constructed using Z.~ K~ , with e™ # e, are distinct.

As mentioned above, the inductive nature of the construction means that
there are large numbers of details to verify at each step. Here is a brief de-
scription of the main points needing attention. We need to show that when we
extend the definition of H, the new definition is consistent with the old; this
involves knowledge of the structure of the G; and in particular of their relation
to each other. The necessary material is developed in §§2 and 3. Section 2
also gives some terminology that is used throughout the paper. We also need to
show that y extends at each step, and, as noted above, we need to be able to
compute the set of elements x with y* = y (on their common domain) at each
step in the construction of y . The basic lemmas for this are given in §§4 and
5. The main part of the construction is done in §§6 -9; the remaining sections
deal with such matters as computing formal degrees and proving completeness.
The reader may wish to read the rest of this section and §2 first, and then go to
86, referring to results in the preceding sections as necessary.

This construction is surprisingly close to that given in [10] for the tamely
ramified case. Then the character x is always nontrivial on the field Ej),
and one can thus associate irreducible supercuspidals with certain characters of
extension fields of F. Furthermore, the geometry (or algebra) of the tamely
ramified situation is simpler, and one can arrange to have E; ) C E;_;)C---;
this greatly simplifies many arguments.

We shall use some further notational conventions in this paper. Fix the
sequence 1 = fi|f3|---|f. There is an embedding of k, the extension field
of degree f over k,in My(k) such that kj is diagonally embedded as block
fi x fi matrices (with all blocks the same), ky, is diagonally embedded as block
f2 x f» matrices, and so on. Fix such an embedding. Then (k/)¢ =k, x k; x
- x ks (e factors) is embedded in m, = M,(k)®, and k, is embedded as the

diagonal. For each i, let m;' be the algebra of elements in m, commuting

with k.. Then the algebra of elements commuting with ml is easily seen to
be kZ . We are, of course, using coset representations for m, in the case where
char F = 0; in this case, the representatives for elements in k, can be taken to
be 0 or roots of unity in (an appropriate embedding of) the ramified field F;
with [F;: F] = f, and the representatives of elements in m' can be taken
to commute with the cyclic group & f’l‘ , and hence with Fy . (In this paper, F,
always denotes the unramified extension of F of degree f;. The elements of
m{" are e-tuples of f x f matrices, each of which is a matrix of f; x f; blocks
where each block is an element of k.) Notice further that the representatives
for each (k}: )¢ form a finite group, and that those for (k}: )¢ form a subgroup
of those for (ks  )¢. We can choose the representatives of m, so that

(i) they are closed under left multiplication by (k}‘ )€

(i1) if a represents an element of m,, y represents an element of k", , and

[, ]1=0 mod 4!, then [a, y]=0;
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(iii) a representative a is invertible iff its image in m, is invertible.

Here is a proof. It suffices to find a set S of representatives in M, (F) for
M(k) satisfying

(i) S is closed under multiplication by k; ;

(ii') if a represents an element of M r(k), y represents an element of &/ ,

and [a, y]=0 mod 4!, then [a, y]=0;

(iii') a representative o is invertible iff its image in M r(k) is invertible.
(Given such a set, we simply embed M/(F)¢ diagonally in M,(F) and replicate
the representatives.) We can obviously choose representatives satisfying (ii')
and (iii') , with O representing 0. The elements of M (k) divide into disjoint
orbits under multiplication by k, and all elements of an orbit commute with
? € ky; if one element does. For each orbit, choose a single element @ € M,(k),
let a be its representative, and redefine the representative of fa (for f € k 1)
by Ba, where B is the root of unity in F; corresponding to B . Now (i')-(iii")
hold. Since we picked the same representatives for each copy of M,(k), the
representatives of m, are stable under o .

We generally do not distinguish between elements of m, and their representa-
tives; the justification will be given in Lemma 3.4, where we show how to go from
congruences mod A! to equalities in GL,(F). We also write m{"(ei), where
ejle, for the elements a = (ap, ..., @e—1) € m{" with /e = aj Vj <
e—e/e;. For general a = (ag, ..., @e—1) € M, , we define Tr,, o = Zj’.‘:_ol o
then Tr, a € m.(e;). We set Tra = z;’-;& Tra;; however, for a € m{"(ei) ,
we set Trl%) o = Egg’)_l Tra;. Hence for a € m,, Tt Tr, a = Tra (in an
obvious sense).

I would like to thank Allen Moy and David Manderscheid for valuable con-
versations and suggestions concerning parts of this paper. I am also deeply
indebted to the referee for a superb job of reviewing the manuscript and ferret-
ing out misprints, obscurities, and the like. If errors remain, they are both my
responsibility and smaller in number than beforehand.

2

In this section we introduce some notation and terminology and give some
results on subgroups of GL,(F) of the form GL, (E), where E is an extension
field of F with ramification index ep and residue class degree f; (of course,
eole and fp is one of the f;), and egfong = n. We say that E is nicely
embedded if the following hold:

(i) Fp CE. (Asin§l, Fy is embedded “diagonally” in M,(F).)

(ii) There is a prime element & in E such that if we write & as an n/fy x
n/fo block matrix (with each block consisting of an entry in Fj), then
the only nonzero blocks are those with indices (i, j) such that i =
j mod ng.

Thus if we rearrange the blocks (numbering the rows and columns from 0
to n/fy— 1) so that they appear in the order 0, ng, ..., (6o — 1)ng, 1, no +
1,...,(e0—1no+1,..., np—1,...,n/fo—1,then & is a “diagonal” matrix
of the form (&, ..., &;,,—1), where each & is an ey x ey block matrix (whose
blocks are elements of Fy). We require:
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(ii1) The &; are all equal, and & generates Ago over AQO.

For example, assume that n =6, fo= f =1, ey = 2. Then (i) is trivial, (ii)
says that £ is of the form

(g, i, k € Pr; other entries in &F),

oo oO8
O~00n8 O
~oon oo
cox>oOo >
o~ oo o
~oowoo

and (iii) saysthat a=c=e, b=d=f, g=i=k,and h = j=1. Notice,
incidentally, that every element of E is of this form, from our convention about
Fy, and the fact that F[{]1=E.

Occasionally we replace (iii) by

(iii") The ¢&; are conjugate in GL,,(Fy) and generate A;o (over Ago) there;
we then say that E is embedded.

Recall that the permutation of rows and columns of a matrix in the same
way (so that the ith row becomes the jth and the ith column also becomes the
jth) is achieved by a conjugation, x — P~!'xP, where P is the permutation
matrix with 1’s in the entries labeled (i, j) and 0’s elsewhere. (A similar result
applies to block matrices.) Let P be the permutation implementing the above
permutation of rows and columns. Now let P~!7, P be the nyxng block matrix
(with e foxeg fo blocks) such that the (i, j) blockis O unless j—1 = 1 mod nyg,
is Iif j—i=1,andis & if j =0 and i = no—1. Then (P~ !n,P)" = P~IP,
so that 7,° = & ; moreover, 7. isan n/ fyxn/ f block matrix (with block entries
in Fy) such that the only nonzero blocks are those satisfying j—i = 1 mod np.

Thus 7o = n/// generates A} over A2 and satisfies 75/® = ¢ and noang' = a°

if a€ mﬁ‘(eo) . In the example above, the permutation matrix P has the effect
. of shifting the order of rows and columns (originally from 0 to 5) to 0, 3, 1, 4,
2, 5, so that
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and

Ne = MNo =

R OO OO
S OO oOoO~
S OO O~ O
SO O OO
OO — OO O
O—= O OO O

Then matrix algebra M, (E) is generated over E by 7, and m,f,"/ % (eg) or by

n¢ and m,{°/ a5,(€0) forany d dividing n/fo—in particular, by #o and m{(eo) .
When we say that E is nicely embedded, we shall also assume that ny is of
the above form. We also say that M, (E) or GL,,(E) is nicely embedded (or
embedded) if E is.

Call IT1 and (eg, fy)-permutation matrix if it is an ey x ¢y block matrix
where all off-diagonal blocks are 0, the diagonal are equal, and the common
diagonal ngfy x ngfo block is an ny x ny permutation block matrix (so that
each fyx fo blockis I or 0). Thus if fy =1, then I is a permutation matrix
in which the first no rows and columns are permuted, the next ny, rows and
columns are permuted in the same way, and so on. Notice that if f;|f;, then
every (e, f;’)-permutation matrix is also an (ep, fp)-permutation matrix; a
similar statement holds if eple;”. The (ep, fo)-permutation matrices are all in
GL,,(E).

Say that an element of G = GL,(F) is a power-permutation matrix if each
row and each column has only one nonzero entry and if that entry is of the
form aw}, j € Z and a € k*. Such matrices are products ITu, where II

iS a permutation matrix and u = diag(aov:;:f}0 e an_lw,’;’"). Here is an
expression for these matrices in the form Zfiq, ajwl, aj € me. Let b; ;4
0<i,j<f-1;0<h<e-1) be the element (by, by, ..., be—;), where

by = 0 unless A’ = h and the only nonzero entry of b, is a 1 in the (i, j)
position. (As above, we label the rows and columns of the b, fromOto e—1,
and those of elements of G from 0 to n — 1 ; extend the notation cyclically, so
that, e.g., the j;th row and j,th row of b, are the same if j; = j, mod e.) The
b;, ;,» form, of course, the “obvious” basis for m, . A straightforward computa-
tion shows that a power-permutation matrix is of the form ), a;b; j, n @™,
where the a; € k* and the sets {fh, + i}, {f(l+m)+j;} (1<I<n)run
through the conjugacy classes mod ».

Now consider the group Gy = GL,,(E), where E is a nicely embedded
extension field, so that My = M, (E) is generated by m.’(ep) and the element
1o constructed above. Let & = ng/ “ so that & is central in Gp. Recall that
PP = {&, ..., &}, a “diagonal” block ng x ny matrix with all diagonal
entries the same. Say that g is a power-permutation matrix of Gy = GL,,(E)
if P~1gP is of the form Q{aoll, aily', ..., an—1&™'}, where Q is an
ng x ny block permutation matrix, the a; € ky, , and the r; are integers. This is
consistent with our definition for GL,(F) . Another description is as follows: let

bi in 0<i,j<f/fo—1,0<h<e/e—1) be the element (bo, ..., be1) €

m;ﬁ’(eo) such that (a) the b, are periodic with period e/ep; (b) for 0 < A’ <
eleg, by =0 unless i’ = h; and (c) b, has only one nonzero block, an [/
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in the (7, j) block. The b; i give the “natural” basis for m;’(ep) as a k-
space. We can describe 79 as an ey x ¢y block matrix each of whose blocks
is itself a block matrix with fy x fo blocks; as a result, 7o is an n/fy x n/f
block matrix where the blocks are elements of kj, and the (i, j) block is
nonzero only if j — 1 = f/fy mod ny. Hence the (i, j) block of 7§ is 0
unless j—i =cf/fo mod ny. Then the power-permutation matrices of G, are

the elements of the form }°;°, ab] 4 N, where the a; € k; and the sets

{fh/fo+i}, {f(lh+m)/fo+ji} (1 <1< ng) run through the conjugacy
classes mod no. As usual, Gy = (K, . N Go)Wo(K,, . NGo), where W = group
of permutation-power matrices of Gy .

An example may help. Let n =6, f =1, and ¢y = 2. One possible choice
for no is

cofococo
o oococo
Joocooo
cof oo~
o ocoo~—o
oo~oco

(Of course, w determines E.) Write 7 = w? + @ , so that

~

w 0 0 =w 0 O
0 w 0 0 w O
fon?= 0 0 w 0 0 w
=M=]w2 0 0 t 0 O
0 w2 0 0 7t O
0 0 w?2 0 0 =
Therefore
& = w w
0= w,y, 7T
One permutation matrix (corresponding to
1 00
0=10 0 1
010
and éga éOs é(())) is
wt 0 0 a 0 O
0 0 w 0 0 @™
0 1 0 0 0 O h wT a 2
a 0 0 b o o] Wher b| =%
0 0 wo 0 0 <
0 0O 0 01 O

(thus a = w(w +1) and b = w3 +12). If wehad n = 12, f =2, and
ey = 2, the situation would be similar, but each entry would be replaced by a
2 x 2 matrix (corresponding to some element of k).

In this paper, we will often construct E by constructing M, (E). The fol-
lowing proposition is what we need:
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(2.1) Proposition. Let egle and fy|f. Suppose that no € GL,(F) satisfies:

(i) no generates A},

(i1) 7o normalizes m{"(eo), and conjugation by ny is o there.

Let My be the subalgebra of M,(F) generated by ny and m;’(ey), and let E,
be its center. Write ny = n/eyfy. Then

(a) Eg=F f(>['75/ %], and E, is an embedded field,
(b) e(Eo/F)=ey and f(Eo/F) = fo;
(c) [My: Eo] =n}.

Proof. The hypothesis implies that 79 commutes with k; and hence with Fy.
Since 1, ng, ..., ng“ are linearly independent over F, (because elements of
FsnAl arein A¢), Fy[n] is a commutative subalgebra of dimension >ef = n
in M,(F). Therefore it is maximal and 1, 7o, ..., 718"‘ form an Fy-basis for
Fy[no] € GL.(Fy). This shows that the characteristic polynomial for 7y C

GL.(Fy) is irreducible; hence Fy[no] is a field. Then E’ = F, wIne®] s also a
field. Write [E': F]l=h; h > ey fy, since 1,¢&, &%, ..., &1 are obviously
linearly independent over F . In fact, e(E'/F) > ey and f(E'/F)> fy.

Clearly k;, (hence Fj) and & = 7{/® commute with m{(e,); hence E’

commutes with mf’(eo). We also see immediately that E’ commutes with 7.

But the algebra generated by 7y and mﬁ’(eo) is an E’-algebra of dimension
> n3 over E'. Let M~ be the commutant of E'; M~ = M,,[E']. Since

My C M~ (because 7y and mf*(e;) commute with E’), these inequalities
imply that & = ey fy and that My = M~ . Thus we have e(E’'/F) = ey and
f(E'/F) = fo. Because ¢ commutes with M, it must satisfy (i) and (ii) of
the criterion for E’ to be embedded; because it satisfies an equation of degree
ep over Fy ,the ¢ in (iii’) must be conjugate in GL,,(Fg). O

Let E; be nicely embedded, as above, and assume that f = f. Let n €
GL,,(Eo) generate Ael,0 , normalize m{(fo), and act as ¢ there. Say that y =
1 +yo € G is (e, fo)-pure if there are integers ¢, / such that y, can be
written as yn) with y = (¥o, ..., Ye—1) € M, and the y; = 0 unless a =
c¢mod e/ey. Then if one writes yp as an e x e block matrix with fy x fp
blocks, the only nonzero blocks are those with indices (b, b') such that b =c¢
and b’ =c+[/ mod e/ey . It is easy to verify that if y is (ey, fy)-pure and g is
a power-permutation matrix for E, then gyg~! is (e, fy)-pure; furthermore,
any element w € K! is a product of (ep, fo)-pure elements (corresponding to
distinct pairs (c, /)) . We will sometimes need this decomposition of w . Often
w will be in a subgroup H ; it will always be easy to check when we use the
decomposition that the terms y are in H and that if g is a power-permutation
matrix for GL,,(E), then gxg~' € H iff gyg~! € H for every y~ in the
above factorization.

3

This section contains what might be called approximation lemmas concerning
nicely embedded GL,,(E,). Our running assumption for this section is that we
have embedded fields E|, ..., E;, with e(E,/F) = e, and f(E,/F) = f,; we
assume that 1 = eyle;| - |e; and that 1 = fy|fi|---|f;, but we do not need to
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know that e, fj, > e,_, f,— . (In applications, this inequality will hold if 4 < i,
but not necessarily for & =i.) Set n, = n/e, f, . Assume that M, = M,, (E;) is

generated by m (ex) and an element 7, such that 7, generates A, normalizes
mﬁ'(eh) ,and acts as ¢ there. Welet Eg=F, My= M,(F),and ny=w .

(3.1) Lemma. Let E,, My, and n, be as above, and set G, = group of invert-
ible elements of M, . Suppose in addition that there are integers t, >t > --- >
ti > 0 such that for h > 2,

Mh = Oph—1 +Cpon—2+-+ &1+ Ch 0>
where U ; € AZ""*' 0\ M; and &, € Fy, . Then:

(i) For every x, € ALNM,, (h > 1), there are elements x,_; € My_,, ..., Xo
€ My such that x;, = j?;(: xj and xj € AT o< j<h-1.
(ii) For every x, € KINGy, (h > 1), there are elements y,_, € Gy_y, ..., Yo

€ Gy, such that x, = y4_\Yh_2---yo and y; e K*'"" ™"  0<j<h-1.

(iii) If h > 1 and x, € Z.K, NG, but x, ¢ K!, assume that x, € A,
but x, ¢ AL*'. Then there are elements z,_, € Gy_y, ..., zo € Gy Such
that X, = zy_1Zp_2--+ 29, Zp € AN Gy but z, ¢ A£+1 , and zj € K;j“_l" R
0<j<h-2.

(iv) Suppose that ry, r, are integers and 1 < h < j<i. Then

(A:,' th)(A? ﬂMj) C (A:,'*’Z th_])+(A;|+fz+th—l_th NMy_5)+-- ‘+A;1+r2+t.—t,, ,

and similarly for (AZ N M;)(Ag N M) .
(v) Suppose that ry, r, are integers and that 1 < h < j<i. Then

(A2 M) (A2 VM) € (AP0 M)) + (A0 0 My ) oo AL

and similarly for (A¢ N M;)(Ag N M) .
(vi) For each r >0 and each h < i,

1+A¢”th—l +A;+’h—l—th NMy_+--- +A:’+t|—t,,
= (KIN G ) (K" N Gy_y) - - KTt

is a group normalized by G, N Z.K, ; the intersection of this group with G, is
Ke' n Gh .

Proof. We use induction on i. For i = 1, the only nonvacuous part is the
statement in (v) that Z.K, normalizes K, and this is standard. For i = 2,
it suffices to prove (i) when x, € A for some r > 0 (multiply by a central
element if necessary), and it suffices to do this when x; is a power of 1,
(any x; is a sum of powers of 7, with coefficients in every Gj). Now (i) is
clear because 7, = u; mod 42! with u; € G,, by hypothesis, and then
n5 = uf mod A2 ~2*". For (ii), write x, = 1 + y,, with y, € 4%, r > 0; set
Y2 =Y1+Yo, asin (i). Then

xa=1+y)(1+(1+y1)"'yo).

Part (iii) is similar: we have x = 2z, + zp, as in (i), and then x =
zi(1 + z7'zp) . Part (iv) is trivial unless 4 = j = 2. It then suffices to prove
that n}'ny C AP N My + A7+~ My, and this is clear from (i). Part (v)
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is interesting only if j =2 and h = 1. Since A2 N M, C A2 N M, + Apth~"2
this case is also easy. As for (vi), we need to show first that

K= B(KpNGy) =1+ (A;nMy) + AjHh—"2,

If ugp € A;*" ™ and u; € A;NM;, then (14ug)(1+u;) = 1+u;+(uo+uou;) and
T+ug+u; = (14+u))(1+(1+u;) tug) , with ug+uou; , (14uy) tug € A5t "2,
This set is clearly a group. That G, intersects it in G, N K" follows from (i).
If x, e G,NZK,, write x; = zoz; as in (ii) or (iii). Then z, normalizes the
group because all commutators with elements of the group lie in K™% ; z
obviously normalizes K; NG, , and K;*"~" is normal in Z.K, . This finishes
the proof of (vi).

Now assume the result for i — 1; we prove it for i. For (i) it suffices, as in
the case i = 2, to prove the result for 7 when r > 1. For r = 1, it holds
by hypothesis. Assume the result for r — 1. Multiplying out the expansions of

n ~! and #;, we see that we need to show that

(Ag—l+t;,+|—li th)(A;‘HjH_Ii nMJ)
C (A7 (M) + (AL M) 44 AL

if A < j (or the similar formula if & > j). If & = j, this is obvious; for 4 < j,
this follows from (v). For (iii), write x = x;_| +--- + Xp, from (i); then

x=xi1(1+x7\xica + -+ x7\ x0).
Now (v) shows that
X\ Xica 4+ xT X0 € (A TN M) + o+ (AR A M) + AL

From (vi), x\x € (K¢'"7" N G—y)--- (K& ™" nG,)K) ™", and (iii) follows.
The proof of (ii) is similar, but we use

X = 1+Xi_] +-- -+ X9 = (1 +x,~_1)(1 +(1 +x,-_1)"(x,--2+~-+xo)).

Part (iv) follows from the inductive hypothesis unless either 7 =i or j=1i.
If,say, h =i > j,then AP NM; C (AP N M;_ )+ (A" "N M)+ +
A7~ and we again get the result from the inductive hypothesis. So the only
case to check is where h = j = i. Then (A} N M;)(AZ? N M;) = (A2 N M;),
and the result follows from (i). As for (v), we may again assume by induction
that j =i. Write A? N\ M; = (A2 N Mi_y) + (A2 7O M) + - + A0
then use (v) (with j < i) repeatedly and note that (45 NM,) (A2 ""NM,) =
A;,+r2+t,,_.—ti nM,.

We still need (vi). Set H, = (KN G,_ ) (K, 7" nGiy)--- K5 ™" . Since
H, = {(ZK.NGi_) ) (KST ' 7"NG_3) --- KSP~4YNK? , this is a group by (vi) for
the case i—1. Toseethat H, = 1+ ALNM;_ + A" TAM_y 4+ ALY
write K, NG;_y =1+ A, N M;_,, etc., and use (v). To show that G; N Z.K,
normalizes H,, it suffices to see that 1, and G; N K, normalize it. To verify
that z; normalizes H,, note first that #; € n;(K/ """ N G;_y)--- K¢ ~"*"; this
follows from repeated use of (v). It is now easy to show that conjugation by 7;
maps K, NG, into H,. Since G;NK,/G;NK]} has coset representatives
that are also in every G; with j < i, these elements normalize H,, and we
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therefore need only prove that G;NK! normalizes H, . Since (1+a)y(1+a)~! =
y+(ay—ya)—(aya—ya*)+--- , we see from (v) that this element isin H,. O

(3.2) Corollary. Let H, = (K!NGi_ (Ko™ "N Giy) - Kol et j>r,
and let h be the index such that th+1'—t,+r§] <tp—ti+r. (If j2t—ti+r,
then h=0.) Then H,nK/H,nK{™' = G, nK!/G,n K™, and

H,n K} = (KJ 0 Gp) (KI5 A Gy_y) - Ko+~

The subgroups KM%, K27 nGy, ..., Ki """ NG,_y, K.NG;_, normalize
H,, as does n;.

Proof. Any element of H, is of the form x =1+ y,_; +---+ yp, with y; €
MNAL™" ™" from (vi). Suppose that x € K7 as well and that j > t;_ —t;+r.
Then y;_; is the only term in the sum not automatically in 4.~'~"*"; since
x—1¢€ A" we must have y € AS'""*" . From (i), y € 4i~ ey
Gii CAF " AM;_y+ -+ A4 0 My . Thus we may delete y;,_; from
the sum (perhaps changing the other y,). Proceeding inductively, we see that
x=14yp+ - +Y0, ¥ € MiNAT" 7% and y, € 4} as well. So modulo K;*',
X =14y, yp € Myn4} (and y, determmed mod M;,ﬂA”l) The second part
now follows by a proof like that of (ii). For the last part, suppose that y € H,
and w € K*~'%NGy_; , and write w = l+wy . (Asin Lemma 3.1, there are coset
representatives for K,NG;_;/K!NG;_, that obviously normalize H,, so that we
may assume w € K .) Then wyw=! = y+ (woy —ywp) — (woywo — ywd) +--+ ;
from (iv) and (v) of the lemma, this expression is in H,. We saw in the course
of proving Lemma 3.1 that »; normalizes H ; since it also normalizes every
K, it normalizes H,. O

We now prove a similar result for power-permutation matrices. The hypoth-
esis that fi_, = f; is convenient and does not cause any trouble; it holds in
most applications, and in the others one can always work with the compositum
of E,'_l and Ffi .

(3.3) Lemma. Let notation and hypothesis be as in Lemma 3.1, except that
the Ej, are all nicely embedded, f; = fi_,, and n; = n,_, mod A%. Then for
any power-permutation matrix x of G;, there is an element u € (Ki ™' n
Gi—2)--- (K5 N Gy) such that ux is a power-permutation matrix of Gj_; .
Proof. All the matrices we will deal with are block matrices with each f; x f;
block in Fy, . Hence there is no loss of generality in working only with matrices
commuting with Fj,; thus we may (and do) assume that f; = 1. Because of
the way we have written permutation matrices, it is more convenient to show
that there is an element u such that xu is a power-permutation matrix of
G;_1 ; since the inverse of a power-permutation matrix is a power-permutation
matrix, this proves the lemma. (One could also give a direct proof, at the cost
of complicating indices.)

Before giving the full proof, we give an example to illustrate the procedure.
Suppose that n = e = 4, that e, = ¢, = 2, and that (writing @ and wF)

0 0O 0 1 O

0 0 0 1
w 0 w O
0 w 0 w

0 0 1
1o o0 01
"I_CUOOO’ p)

0 w 0 O
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Then n; is composed of blocks &, and 7, is composed of blocks &, , where

¢1=[£ (1)}, 52=[; ;]

Seta=14+w, b=2+w,and c=1+ 3w +w?, and consider the power-

permutation matrices for Gy, G, correspondingto [ 6014 %‘] . % %] respectively.
They are
0O 0 0 1 0 0 0 1
x_w2000 x_aszbwzo
=10 w 0 0}’ 2710 w 0 w
0 0 w2 0 bw? 0 cw? 0
Notice that &3 =¢F[ 2, %] and & =&, [} }]. From this, x; = x,k, where
a 0 b 0
0 1 01
wb 0 ¢ 0}
0O 0 0 1

it should be clear how k is constructed from the two 2 x 2 matrices above.
We return to the proof. We use the notation of §2 for power-permutation
matrices, so that b] s h is the element (b, ..., bo—;) in ml(e;) (recall: f; =
1) such that the b,,/ are periodic with period e/e;, by, = 0 unless A’ =
h mod e/e;, and b, has only one nonzero entry, a 1 in the (r,s) place.
Let u. be a matrix whose only nonzero entries are at indices (r,s), with
r=s=c mod n/e; = n;. Then it is easy to check that b’ 5 h,”z 'u, = 0 unless
s+ f(hy+my) =c mod n;. Write a; = s, + f(h + m,) One consequence of
the above calculation is the following: let # be a matrix whose only nonzero
entries are at indices (r,s) with r = s mod n;, and let u() be the matrix
whose (r, s) entry is that of u if r =5 =c¢ mod n; and is 0 otherwise. Then

!/ m; . — h my .
br,,s, h[r,i u= brl,s, ,h/"i ual ‘

Let x = Y ;X lalbr,,s, hlr],’ and x' = YL, ab) o ,n, . Write u(l) =
n; ™, and set u=Y7., u(l), . From the above remarks,

— / m; — ’ m;
xu(l)al - albrl,s,,hlrli * u(l)a[ - albrl,sl‘h,ni—l 3

therefore x’ = xu. Furthermore, the construction gives u — 1 € (4 ' N
M;, )+ -+ (427 N Mp) . This suffices to prove the result, by Lemma 3.1 O

The last result of this section is of a different sort; it lets us replace congru-
ences by equalities in certain circumstances. In it, we assume that the represen-
tatives of elements in m, satisfy the conditions given in §1.

(3.4) Lemma. Let fy beoneof fi, ..., fr,andlet ey, s satisfy e =e/(e, s).
Suppose that o is the lift of an element in k;io such that (atos)% = yws®, where
y is a root of unity generating F [F . Assume that B is our lifting of Bem,
and that af® — Ba® =0 mod A!. Then aw?® and Bw’ commute.

A£+S+1

Proof. By hypothesis, aw’fw’/ — pw’/aw? =0 mod . An easy induc-

tion gives (aw®)®fw/ — fwi(aw®)® =0 mod 421!, or (letting eps = et)
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ywipw/ - pw/ywf =0 mod AJres*! | Since wf iscentral and y commutes
with @ , this gives y8 — f7 =0 mod 4;. Let 7 be the image of y in k.
Then 78 - By =0, 0r f € mf’ Since y € Fj; and we chose representatives
of mf’ to commute the representatives of k"0 , B = By and the components
of B commute with those of a. Therefore

aw ! = af” @t = fa” wt = pwiaw’

(both af? and Ba® = o B are in m{>, since mﬁ’ is closed under left
multiplication by k¢ and under d; as af” = o’ mod 4;, we must have
equality). O

Remark. We often use this result with nicely embedded fields and matrix alge-
bras, replacing @ with 7.

4

In this section we give results about elements commuting with various char-
acters. The first few are like results in [4] and are used to prove that certain
characters can be extended; they involve commutators.

(4.1) Lemma. Fix e, andlet x € K;N(G, G), where r > 1 and G = GL,(F).
Assume that the residue class field k has more than two elements. Then there
are elements u; and v; (1< j <s) such that each v; € K}, each u; is either
ajw or aj, where aj € m), and

x=(uy,v) - (ug, vs) mod K/,
Proof. Suppose first that n{ fr, so that efr. We have

(a,1+Bw") =1+ (af(®)' - B)w" mod KI*'.

Let S = span of the elements af(a®)~!—f. Then x = 1+yw” is (mod K;*')
a product of these commutators if y € S. We show that S = m, when
card K > 2. Suppose that 6 L S under the bilinear map (y, d) = Tr yd.
Then for all « € m) and all g € m,,

0=Trd(aB(a’)"' - B).
Replacing f by Ba’ , we get
0="Tra(Bd—-(B)° ).

By the hypothesis on k, m) spans m,. (If f > 1, then the matrix e; ; with
one nonzero element, 1 in the (i, j) place,is (I+e; ;)—1I if i# j;if i=j,it
is (J+e; ;)—J,where J isa cyclical permutation matrix. If f =1, we need k
to have > 2 elements; then the construction is easy.) Therefore this last holds
for all « € m,, and Bd = (68)° VB € m,. Let B = (By, ..., Be—1) have
Bi=1and B; =0 for i # j. Then 6 = (dp, ..., 6e—;) must have §;, = 0.
Hence 6 =0,and S =m,.

Assume n|fr;let fr=nt,and write x =1 +yw"+--- . A straightforward
computation gives

Detx = 1 + (Try)w} mod P!,
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Hence Tr(y) = 0. We also have
(cw, 1+ Bw’) =1+ (af’% ' - B)w" mod K.*!.

Thus is suffices to show that the span S of the elements af%a~! — B is the
space T of elements y with Tr y = 0. Since S C T, we need only show that
S+ C T+ under the bilinear form (y, d) = Tryd .

So suppose that 0 = Tr(af%a~' - )6 = Tr f[(a"'6a)’  —4] forall a € m
and all § € m,. Then (a='da)° =J Va € mZ. For a = I, we see that
5°"' =4, or that § = (d0, dg, ..., 00); it is now also clear that J; must

commute with every element of GL,(k), so that ¢ is central. But then § € T+,
and we are done. O

Remark. An obvious induction lets us write x modulo K (s > r) as a product
of commutators. Lemma 4.1 (like the other results of this section) will also be
applied to x € K; N ([Z. K. "My, (Ep)], [Z.K, N My, (Ep)]), where Ej is nicely
embedded.

The next result depends on Lemma 2.2 of [4]. We give a restatement here
in a form that will be useful. Let &/ = Z[[a, b]] be the ring of formal power
series in noncommuting variables a, b, and regard & as a subring of & =
&la~', b~1]. Let &, = ideal in &/ generated by all words of length n. For
r, s positive integers, give each word in &/ a weight by giving a weight r and
b weight s, and summing the weights of the letters in a word to get the weight
of the word (e.g., abab? has weight 2r + 3s). Consider

x=(14+a)1+b)(1+a) '(1+b)7' = (1+a)1+b)(1—a+a*+---)(1=b+---).

Given any integer n > 0, there exist an integer N > 0 and elements ¢y, ..., ¢n,
di,...,dy € such that:
(i) x is congruent mod .%, to the product of commutators (¢, d;)---
(en, dn);

(i) dj—1 isaword, ¢; isoneof a, a=', b, b™', and dejcj_l €N ;
(iii) if dj — 1 has weight < 2s, then ¢j=a or a~!.

(One can replace (iii) by (iii’): if d; — 1 has weight < 2r, then ¢; = b or
b~!. Note that if d; — 1 has weight 2s, then the proof implies that it cannot
be b2.)

(4.2) Lemma. With the above notation, suppose that E is nicely embedded in
M,(F) and that card(k) > 2. Set My = M,,(Ey) and let ny be the element
of My that generates A!, normalizes m(fy) = mo, and acts on my as o .
Let x be a character defined on a subgroup H of K} containing some K3,
with x trivial on K;, and assume that H is generated by a set of elements of
the form 1+ Bn7, B € mX, and n; a generator of Al over A2. Assume also
that GL,,(Eo) N Z.K, normalizes H and that {x —1:x € H} is closed under
multiplication and under multiplication by mg and by 1.

(@) If x* = x forall w € mg and for w = no, then x* = x for any
w € GL,,(Eo) N Z. K, .

(b) If

() HCK;;
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(ii) forall j > r thegroup HNKZ/HNKL*" has a set of (coset representatives
of ) generators y = 1 + yo such that for all such y, yq is invertible and
normalizes x ;

(iii) x» = x;and

(iv) x¥(y) = x(y) forall y € HNK;*? when w € m§ or w =1y,

then x¥ =y (on H) forall we GL, (Eo)NKL.

Proof. (a) Any w € GL,,(Ep) N Z.K, can be written as
w=a0né°(1+amo+a2n§+-~), aj € mg and ag € mg .

Since aoﬂé" fixes x, we may assume that g = 1 and jo = 0. Furthermore, an
easy induction makes it clear that is suffices to consider monomials w = 1+an{, ,
j > 0. Similarly, it suffices to consider x¥(y)x(y~') for generating elements
y =14+ pnl € H. If a is invertible, the result holds by an application of
Lemma 2.2 in [4]. If a = f +y, where B, y € m , then it holds because we
have _ ' ‘ ' '
1+awd = (1+ pwy)(1 + ywd)(1 - Bogywy)---

where for any s the formula holds mod K; after finitely many terms. Since
the result holds for each term on the right (by Lemma 2.2 of [4]), it holds for
aw({ . A similar calculation shows that a similar result holds if « is any linear
combination of invertible elements. But if k has more than two elements, then
every element in my is a linear combination of invertible elements.

(b) The-proof is essentially the same. The main point to notice is that if
w=1+wy € GL,(Ep) N K} and 1 + yp € H, then words in wy and yg
that appear in the commutators and have only one w, can be taken care of
(according to the result given before the lemma) by conjugating by y,, and
%% = x . Those with at least two wyq’s are all in H N K/*? and there y¥o =y
aswell. O

(4.3) Note. We often can apply the reasoning of Lemma 4.2 even when the
hypotheses do not apply. Suppose that we have a subgroup H of K], a char-
acter x on H,anelement 1+y € H, y = 7], and an element 1 + ané =
1+ (a1 +---+ ah)né such that:
(1) ajem),all i,and B em);
(ii) if w is any sum of words of the form uu;,---u, , where m > 2 and
each u; is either y or an a;n}, then 1 +w € H;

(iii) x* = x (in that they agree on their common domain) if x = amé ;

(iv) k has more than two elements.
Then the reasoning of Lemma 4.2 shows that x((1 + ané ,1+y))=1. When
we use this reasoning we refer to (4.3). It should be clear when we so refer that
the conditions are met. A similar argument shows that # need only be a sum
of invertible elements.

(4.4) Remark. The restrictions on k in (4.1)-(4.3) are annoying. In our uses
of these results, it is possible to avoid the restrictions. Consider, for example,
Lemma 4.2 when ¢ = 2. Let N be a large prime (larger than n), and let F~
be the unramified extension of F with [F~ : F]= N. Choose a character y~
of F~ so that a//~| r = ¥. Then G embeds naturally into G~ = GL,(F~),
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and we have subgroups Z;*, K;” C G~ defined like Z,, K; C G. In our
constructions of y and H, there will always be a corresponding character y~
on a subgroup H~ C K such that H~ = HNG and x~|, = x; furthermore,
the hypotheses of Lemma 4.2 will also hold for (m)/(eg)* , the group in K[”
corresponding to m{ (e0)* C K, . Let Ej be the compositum of Ey and F~ .
Lemma 4.2 says that if w € GL, (Ey) N Z;*K;", then (x~)* = x~. For
w € GL,(E)NZ.K, = GL,(E5")NZ;'K;' NG, we then see that w normalizes
H~NG = H and x¥ = x. This means that in all cases where we will apply
Lemma 4.2, it will hold even if ¢ = 2. The same will apply to our uses of (4.3).
When we use Lemma 4.1 to show that certain characters extend (because they
are trivial on commutators), a similar argument extends the results to the case
where ¢ = 2. In the rest of this paper, we will apply (4.1)-(4.3) to the case
g = 2 without comment. A similar remark applies to the following lemma.

(4.5) Lemma. With notation as above, assume that k has more than two el-
ements, and let x be the character on K/, trivial on K!*' (r > j > 0), such
that Z,K, commutes with y . Then yx factors through Det (and hence extends
to G as a character).

Proof. Tt suffices to show that y(y) =1 if y € K/ and Det y = 1. Then y €
(G, G), and Lemma 4.1 shows that y is (mod K;*!) a product of commutators
wvu~ v~ with y(wvu~'v-)=1. O

(4.6) Lemma. Let y be a character on K™, m > 1, that is trivial on K.
Let a besuch that x(1+yw™) = woTr(a® y) = woTr(ay® "), Vy € m,, and
assume that ow ~™ generates a nicely embedded field E, of ramification index
ey and residue class degree f, and that o € kz . Write My =ring of elements
commuting with aw ™™, Go = GNMy. Let j < m, and let e, f; satisfy
eoler, folfi, eljer. For d € k., set

x5(y) = x(wyw™'yh),

where y =1+ yw’/ and w=1+dw™ /. Then:
(G) xs()=1 forall § iff ye KING,.
(ii) xs is trivial iff w € Gy. . 4 '
(iii) The yxs exhaust the characters x* on K} trivial on KITYKINGy) and
of the form x*(1 + yw’) = y o Tr(ey® ") for some ¢ € kg .
Proof. Consider the xs;, J as above. These J obviously form a kj-vector
space of dimension e ; furthermore, we have

x(wyw“y“) = X(l + (yéﬂj _ 5)’0 )wm)
=y oTra(yd” —5y"" ) " = yoTry(da”" —ad® ") .

m—j

This is identically 1 for all y iff [6@w™/, aw~™] = Omod 4277/. As we
saw in Lemma 3.4, this means that dw”™/ commutes with ato ~™, which
proves (ii). (Notice that F[(aw ~™)%] = F, , so that the hypotheses of Lemma
3.4 are satisfied.) To see that the subspace of such J has dimension e/e
over kj , written & = (o, ..., 0—1), @ = (@, ..., %—1). Then da®" " =
ad® ", so that J;a;_ j+m = Oi—ma; for all i (all entries commute; we extend
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the definition of the J; and «; cyclically). Since the o; are nonzero, all J;
with / = i mod m are determined by J;. Therefore the subspace of these &
has dimension (e, m). But e/(e, j)=ep.

The characters y; are all trivial on elements y € K7 N Gy, since

x(wyw™'y ™) =y o Tré(ay® " —ya®')*",
and the term in parentheses is 0 iff [yw/, aww~™] =0 (see Lemma 3.4). This
proves (i).
If B e (mf(e))*,then B commutes with @™ and with x, so that
250) = 1wy~ w' Byp") = x(Bwyw'y~'g7")
= 1P (wyw 'y = 2 ().

Hence every x; commutes with (m{l (e1))* and is therefore a x*.
The characters x* satisfy

) = 2* (1 +y@’) = yo Tr(ey”)

for some ¢ € K¢ . Since y*(y) =1 for yw’/ € My, we have y o Tr(ey”) =1

if the entries of y are periodic with period ¢y, or y o Tr("°)(y Tre,e) =1 for
all such y. Therefore Treyp(¢) = 0. Thus the ¢ in question form a k}l -space

of dimension e — e/ey. Hence every x* isa x;, and (iii) is verified. O
Essentially the same proof used to demonstrate (i) and (ii) above also proves:

(4.7) Lemma. Let x be a character on K trivial on KI"*' and given on
elements y = 1+yw™ (y € m,) by x(¥) = woTr(a®"y), where Ey = Flaw ~™]
is a nicely embedded field with e(Ey/F) = ey, f(Eo/F) = fy, and a € k;o.
Define Gy = subgroup of elements commuting with ato=™ . Fix j, 1 < j<m.
For 6 € m,, define x5 on K. by

xs(v) = x(wyw~ 'y,

where y = 1+yw/ and w = 1+dw™ /. (Hence x5 is trivial on K}™'.) Then:
(i) xs()=1 forall 6 iff y € KJOGO..
(i1) xs is trivial iff w € Gy (i.e, dw™/ commutes with Ey). 0O
(4.8) Lemma. Let x, Ey, and Gy be as in Lemma 4.7, but define xs (for
demy) by xs(y) = x(wyw='y="), w=4Jw’. Then:

(1) xs(v)=1 forall 6 iff ye K"NGy.
(1) xs is trivial iff w € Gy.

Proof. We have
xs(1+y@™) =y oTra (67 (67" - 7)

=goTrya® '6° (671" —a").

This is O for all y iff aR*"'6°7(671)7"" —a®" = 0, or iff (ad® ") =
(@®8)""" | or iff aw™™ and dw’/ commute (this uses Lemma 3.4). The
other half is similar. O
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5

This section is concerned with results used to show that if y* = y, then the
choice of x is restricted in some way. The first two lemmas concern conju-
gacy. Suppose that x = ow™ and x~ = fw™, a, B € (k}f )¢ (for some f;),
are known to generate nicely embedded fields over F and to be conjugate in
GL,(F). We will need to know that they are conjugate in Z.K, . If the fields
that they generate have ramification index ep, then ¢y is the smallest posi-
tive integer such that eleym; x® = yw®™  where y generates an unramified
extension over F . A similar statement applies to (x~)% = dw®™ . Further-
more, y and J are conjugate in m) . If we write o = (ap, ..., @e—1), €tC.;
then Yo = agam - Ame,—1) (Where we extend the definition of the o; by mak-
ing them periodic mod e), etc., that is, y is a sort of norm. Furthermore,
e law™e = (e"'ag?" )w™ . It is not hard to reduce questions about conjugacy
of these elements to the case m = 1; then the following lemmas give what we
need.

For a =(ag, a), ..., ae_1) € m,, define

e—1

ag _
= (aoal S Ole— ], QO e [QQ, .un s Ole O " Qp—2) .

Ne(a)=aa®---a

Note that the entries in N.(a) have the same determinant, but need not be
equal unless e = 1. Similarly, we define N, a = aa®’ 0" ... """ ; thus
? = N, () above if m=e/ep.

(5.1) Lemma. Let o, B € (m.)*; set y = Ne(a), 6 = N,(B), and write
Y= (Y0, ..., Ye—1), €lc. Suppose that yy, oo are conjugate elements in GL,(k).
Then there exists ¢ € mX such that ¢ 'ae® = f mod 4. If o, B € (kX)/,
then there exists ¢ € K, with e 'ag’ = f.

Proof. Let y = (Y0, ..., Ye-1) and 6 = (Jp, ..., Oe—1). We show first that the
lemma holds if y9 =dg. Set &€ = (&, ..., &—1); evidently we need to satisfy

-1 _
& o€ = i
elaner = B
8e__llae—180 = fe-1-
Set &y = I. Then the first (¢ — 1) equations give
er=ap' o,

e =oaj'ag' op,

Ee—1 = a;_lz s 'arlaalﬁoﬁl o Pe-a.

But now the last equation holds as well, since it amounts to the statement that
Y0 =0o.

In general, we know that dp = {; lyng for some matrix {p € GL/(k). Set
¢=(,%,..-»%). Then {~'al and B are o-conjugate by the first part of
the proof.




22 LAWRENCE CORWIN

If a, Be (kf" )¢, then there is a {y € GL/(&F) such that conjugating by (o
is an automorphism of F; taking yo to dp. We use { = ({o, {0, ..., o) tO
reduce to the case where y; = dy. The rest of the proof now goes as before, but
the congruences can be replaced by equalities because all elements «;, B;, &
arein kr. O

(5.2) Lemma. Suppose that ow! and Bw! (with o, B € (kj)°) generate
fields over F and are conjugate in G. Then they are conjugate in K, .

Proof. Let (j,e)=r, e=re;,sothat F [awej ] has ramification index e; over
F ; let the residue class degree be f;. Let (aw)® = ywl® and (Bwi)® =
dwl®. Wehave y = (Jo, ..., Ye—1) and 6 = (Jy, ..., 0e_1), where the y;,
d; are all conjugate elements of k. Thus we may (by conjugating) assume
that y = . Since y = N,a, 6 = N, f, and conjugating, e.g., aw’ by
e~' € m{i(e;) gives e 'ae”’ w/ (where o/ and ¢ generate the same group),
Lemma 5.1 (applied with ¢ , to the elements «; with j in a fixed congruence
class mod e;) gives the result. O

We use these lemmas for a further result about conjugacy which we need
later. We will have characters y, x~ defined on K* (m > 1), trivial on
Km+1 | and given on K by

x(1+y)=yoTr(xy), x~(I1+y)=yoTr(x"y),
with x =aw ™, X~ =a~w ™™, and o, a~ e m) .
(5.3) Proposition. Use the above notation. Suppose that x, x~ generate fields
over F and that for some w € G, y(wuw™') = x~(u) for all u € K" n
w~'K™w. Then x, x~ are conjugate in Z.K, .
Proof (adapted from [10]). By assumption, y¥x~~! istrivialon K*nw~!'Kw
and is given by xYx~"1(1+y) = w o Tr((w™'xw — x~)y) on K. Therefore
wlxw — x~ € (AP Nw '4w)t = A" + w™'4~mw, and there exist v,
v™ € Al-™ with
(5.4) wlxw —x~ =v~ —w hw, w i (x +v)w=x~+v"~.
Suppose that e(F[x]/F) =e¢y, and f(F[x])/F) = fo. Since ey is the smallest
positive integer with el|egm , e(F[x~]/F) = ey also. Take eyth powers in (5.4),
noting that (x +v)% = x% mod A}™%~™ (and similarly for x~, v~). Writing
z=w "M (x +v)® and z~ =w ~O"(x~ + v™)%, we have

wlzw =z~

and z= B mod 4!, z~ = f~ mod A', where B is a root of unity generating
the unramified extension F; of F and B~ € Fy is also a root of unity. Then
for every N, 27" = 2¢""" mod AY | as an easy induction shows. Therefore
PLAN y, where y"f =y and y = B mod A} . Similarly, (ZN)qu — y~ , where

(y”‘)"/ =y~, y¥ =B~ mod 4!, and gyg~' =y~. Let ¢, ® be the minimal
polynomials of B, y respectively. Then ¢(y) = ®(y) =0mod 4.. If ¢, ®
were distinct, they would be relatively prime over k = @r/Pr and we would
have y = 0, a contradiction. So ¢ = ®, and B, y are conjugate. Similarly,
B~ , y~ are conjugate, so that f, B~ are conjugate. Therefore x% , x~¢ are
conjugate.
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We may thus conjugate (using Lemma 5.2) to arrange that x% = x~% . Now
it is clear that x, x~ satisfy the same minimal equation. Therefore they are
conjugate in G ; Lemma 5.2 implies that they are conjugate by an element of

The next result is quite similar to Lemma 2.18 of [15], but the proof given
here seems to be shorter and is certainly more in keeping with the methods of
this paper.

(5.5) Lemma. Let x be defined on K!/K!*', with x = xx on K., where
X = aw, ! is such that F[x] is a nicely embedded field. Define Gy, = {w €
GL,(F) : wx = xw}. Let e(F[x]/F)leo and f(F[x]/F)|fo. Suppose that
b is a power-permutation matrix of some nicely embedded GL,,(Ey), with
e(Eo/F) = ey and f(Eo/F) = fy, and that x* = x on their common do-
main. Let ky, k € K./, If ykb* = x, then kibk = k|bk', with k!,
k' e KN KT NGy

Proof. There are some technical issues in the proof that complicate the notation.
We need to work with groups K ,’, /f 38 well as the groups K¢ , and we also need
to deal with intersections of these groups. We fix j as in the statement of the
lemma. Let u =tf/fy and h = n/fy. We prove the lemma for K!™/ n K",
using induction on r. We write the intersection as K="  and let *K#~"+1) =
K@=r+Dgi=i*+1. calculations with K(*~7) are usually modulo *K®*~™+D  Let
o =0y, and let 7y be a uniformizer for 4} in GL, (Ey) (where e fong = n)
such that n(','/ eofo is a prime in Ey and conjugation by 79 acts as ¢ on m,f’(eo).
Observe that we can also write x = aw, *, where a € k;f C kg C my; this

shows that y =1 on K}*!'.

As will soon be clear, in our calculations we are concerned only with k, k;
modulo *K®-r+D _ (If, e.g., k' € K@=+ then k'yk'~'y~! ¢ Kery for all
elements y under consideration.) We therefore write kK = 1 +dn5~", k =
1 +eng~", where 6 = (dp,...,0,—1), € = (€0, ..., &4—1), and the J;, ¢ €
M (k). Notice that some of the 6;, ¢ may need to be 0, since in general
KW-r) + K,~". If, however, J; need not be 0, then it can be any element
of ks, and similarly for ¢;. We write J; for the element (Jy,...,d;_,)
with 6] = d; and all other §; = 0; we define ¢; similarly (and use a similar
convention for other elements of m;). Since we are working modulo *K®="+1) |
we may also write k = (1+63n;"")---(1+6;_,my~"), and we may permute the
order of the factors. Similar remarks apply to k; . ‘

We will be looking at the effect of x on elements y € K/ N K} = L"), for
convenience. Write 'L+ = L+DKJ*! - it will be clear that we are interested
only in y modulo 'LU+D . Thus we set y =1+ yn} and y = (o, ..., Ya-1),
the y, arbitrary elements of M (k). Mod K'+'K/*',

kyk=' = y(1 4+ (8y° =96 )nY).

Note that 1 +467n5~" and 1+ y;ng are (e, fo)-pure.

For y € L, whether byb~! € L") or not is obviously important in deter-
mining x¥%%(y). If y = 1+ y!n}, then the fact that byb~! is (eg, fy)-pure
means that exactly one of the following three statements holds (independently
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of y}, provided that y; # 0; we consider only those i for which y; # 0 for
some y € L"):
(i) byb~' ¢ L,
(i) byb~! € Lir+D;
(iii) byb~' = 1 + B*nj mod "LU+D, where 1+ B*n} is an (ep, fo)-pure
element (like y) in L") and B* #0.

We refer to the index i as a “down” index for r if (i) holds, as an “up” index
for r if (ii) holds, and as a “steady” index for r if (iii) holds. (We add “with
respect to b” when necessary for clarity.)

An example of up, down, and steady indices may help; to keep the matrices
of manageable size, the example will not involve a character. Let n = ¢y = 3,
fo=1 (here, h = e = n, so that we do not have any complications with pairs
of congruence subgroups), ¢t (=u)=9,and j (=r)=7. Let

0 w O
b{O0 0 1}, w = WF.
w 0 0

Since
0 50w2 0
y=1+(0,7,r)ws =1+ 0 0 dw?
62w3 0 0

satisfies byb~! =1+(0, 0, do)ws + (0, &2, O)w] +(d1, 0, 0)w®, we see that
0 is a down index, 1 an up index, and 2 a steady index for r with respect to b.

If r is a multiple of ng, then every index is steady for r; in particular, every
index is steady for u. Furthermore, since (y;7g)(d; ;15 ") is of the form (;ng

r+i
(where {; is in general nonzero unless y; or 67, ; must be 0), and since i +r
is steady for u, we see that:

if i is down for r, then i+ r isup for u—r;
if { is up for r, then i+ r is down for u—r;
if i is ready for r, then i+ r is steady for u —r.

It is also clear that if no element of the form 1+y}n (7 #0) isin L, then
no element of the form 1+ 877§~ (B, #0) isin K®=7) It is not hard to
see that if i is steady for r with respect to b, so that b(1+y:n5)b~! = 1+ B:n§
for some i’, then i’ is steady for r with respect to »~!, and conversely.

The idea of the proof is this: suppose that k has only one nonzero index
(previous remarks show that we can reduce to this case). If it is an up index for
u —r, then bk = kob, where ky € ’K*~"+! | and we are done. If it is a down
index for u —r, then we show directly that k € G4 . If it is a steady index for
u —r, then bk = kob, where ky corresponds to a steady index; we show that
the entry for kjko in that index is in G()’K“~"*'. That takes care of k (and
of the steady indices for k;). To deal with k;, we need to look at elements
of LI+D that are conjugated by b into L") ; equivalently and more easily, we
repeat the analysis for (kbk)!.

Here are the details. Suppose first that i is down for r. Then i+ r is up

for u—r,and b(1+4;,,n4")b~! € ’K®=r+1) Hence b(1+6;,,m8~") = Kiinb,

where ki, is of the form required by the lemma. Thus we may assume that
6#

i+r

=0if i+risupfor u=r.
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If i is up for r, then i+ r is down for u—r. Write k = k., k'k"” , where
ki =140}, m§" and k' =1+ (6 — 87, )n8~", so that k" € K=+ Let
y = (k") + yrn) k" = (k")~'y;k”, say. Then k' and y commute, so
that

kyk™' = kiynyiks,, =i mod K,
and bkyk~—'b~! € Kk+1) because i is an up index for r. Since k; € K¥="
bkyk=1b~! = kibkyk='b~'k[' mod K!*'. Therefore

x(bkyk='b~1) = x(klbkyk_’b_lkl"l).

By hypothesis, x(bkyk='b~!) = y(kyk~!). So we must have y(kyk~!') =
x(y), or

X(kisryyiky) = x(kyk™") = x(v) = x(n2) -
The last equality follows from the fact that k” € *K®—r+1) ' so that y = y;
modulo K} . Thus

*

L= x(kenyikinyi ') = x(L+ (85,717 = vi 675 mg)  for all y;7
—e670)my) =1

i+r

r

and Lemma 4.7 says that k., € G(x) (because x(1+ ((5;“+,8""_
if e=(er,...,8&-1) and & =0).

Now suppose that i is steady for r and that b(1 + y;n)b~! = 1 + Bin]
mod "L+ . Then b(1 +d;,;n")b~" = 1+ X, mi™" (i.e., the only nonzero
entries for the coefficient of 7y~ in the expansion of b(1 +d;,;ng~")b~" are
in entries = r + i’ mod A/e;) . As in the case of indices that are up for u —r,
we may replace b(1 +46;,,m5"") by (14, n5~")b and assume that § = 0.
We may thus assume that k = k’k” , where kK’ now has entries only in indices

that are down for u —r (so that k' € G(x)NK®*~") and k” € ’)K®="*1) | Then
for y = (K'k")='(1 + y}np)k'k” = (K'k")'y;k’k" , we have x(¥) = x(»:). So

AW) = x(kebk'k"y(K'k") ™ b7 ky 1) = x(kabyib™ ks )

= 2By~ )2 (L + (G (03 = V0 ()7 NG
by a calculation like the one done above. Since x(by;b~!) = x(y:;) by hypothe-
sis, we must have

XA+ (G0 = G0R) D) = 1.
Because y; can be arbitrary (with entries only in indices = i’ mod h/e)), we
conclude by Lemma 4.7 (as above) that 1+ (5,05 € Gy, .

We have shown that if y¥1’* = y on their common domain, then we may
assume that k € (Gx) N K®DyK®=+1) and that k; = kjk|'k}, where k| €
K=r+l) ke KON Gy, and kf = 1 +eng™" with the only nonzero entries
for ¢ in the indices that are up or down for b~!. Apply the above argument
to k~'b~'k; ! . Evidently k~!- (kjk{")™! € (G(xy N K* DY K®="+1) 50 that we
need only concern ourselves with b~!(k})~!. Since

(ki')"l =1- g”g—r mod (G(x) nK(u—r))aK(u_r.H) ,
the above proof shows that b='(kf)~! = ky'b~'ky™', where ky', k™' €

K®=r+1) | Hence kb = kjbko, where ko, kj € K="+ ; the lemma fol-
lows. O

—-r
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6

We now start the construction of the representations p; that induce to su-
percuspidals. We begin with the sequence of triples (s;, e;, fi), 1 < i <r,
satisfying the properties of (1.3). For the moment, we assume that s, > 0;
the case s; = 0 will be dealt with later. Let ¢; = s;/f and n; = n/e;f;; set
ep=fo=1. For t; >0, set ] =[t;/2]+ 1. Let ry be the largest index with
tr, 2 2t,41 or, equivalently, ; > #,1 (if no such index exists, set ro = r).
Write ¢/ =t;+1—1t;,sothat ¢/ = if ¢; isodd and ¢/ =1, -1 if ¢; is even.
If t; =0 (sothat i =7r), set t/ =t; =0. Define numbers C; by

G, = fios Z w(fi] ficid) (g4 = 1), u = Mobius function;
fi :
dfy-_ilfi
1 if t;y1 < j<t and etje;;
c_ g’ if ;41 < j < t; and e|je;;
/ q’ if0<j<t,;

(The C; depend on the (s;, e;, f;), but we do not indicate the dependence in
the notation.)

The major result in the construction, given next, is analogous to Theorem 3.1
of [4]. Before stating it, we give an indication of the strategy to be followed in
the construction. We begin with a character y defined on K;' and trivial on
Ki*! Such a y can be defined by

x(1+y)=yoTr(law, "y) Vye A,

for a unique a € m,. (In fact, x(1 +y) = w o Tr(xy) for any x = aw, "
modulo A!™*". We are making the simplest choice of x, in some sense.) We
require that o, "' generate a field E,,, with e(E,)/F) = e, and f(E,)/F) =
/1 - Up to conjugacy, this turns out to give C;, choices for a. We then compute
the elements g € G such that x(gyg~') = x(¥) on their common domain (we
say that such an element commutes with x). This set includes G, the group
of elements commuting with E . (G(,) = GL,/, 5 (Eq,)) -)

The next step is to show that there is an extension yo of y to Ki~! such
that g commutes with xo if g € G(,). The point of this step is that any
extension of ¥ to K'~' must be of the form x = xox,, where yx, is trivial
on K! . Therefore we can find a convenient expression for yx, like the one
given above for y on K;'. It turns out that two extensions xox; and Yoxp
are conjugate if they agree on K'~'n G, - Therefore we need only look at |
on this subgroup. It is given there by

x(1+y) =woTr(angly) Vyedh~'nMy,,

where M) = M, 1 (Eq,)) is the set of elements in M,(F) commuting with
Eyy, oy e meN My, and 7, € G, is an element that plays a role in G,
like that played by w, in G. If t, <, — 1, we require that aln(jl’)' € Ey,; if
t, = t; — 1, we require that am(_,l’)' generate an extension field of E,, whose
ramification index and residue class degree (over F) are e, and f, respectively.
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It turns out that there are C;,_; choices of a; (up to conjugacy) in each case.
Let x = xox: - We now compute the set of elements of G that commute with
X . In the first case (f; < t; — 1), this set contains the group G, of all
elements of G commuting with some field E, ;) such that e(Eq,_,)/F) = e
and f(Eq-1)/F) = fi, but we need not have E _;) = E,). Similarly, in the
case where f, = ¢; — 1 there is a field E,_,) = E;,) such that e(E,)/F)=e,,
f(Ew,)/F) = f,and any element g commuting with E,) commutes with x,
but E(,) need not be the extension field of E; generated by aln(jl’)‘ . It is the
fact that these fields can vary in odd ways that makes the wild case (p|n) more
difficult than the tame case (p{n); we say more about the tame case later.
Having found E,_;), we now continue to K!~? and repeat the procedure.
There are some variations that occur as we continue the induction. For example,

K! /KU is an Abelian group, but K2 ™' /KA4*! is not; we cannot extend y asa

character to all of Kﬁ_l . This means that as we go along we need to extend the
definition of the group H on which yx is defined. As this sketch undoubtedly
suggests, there are large numbers of other details to verify in the course of the
proof.

The reader may wonder why this procedure is natural or even reasonable. It
was prompted by the need to solve three technical problems. First of all, super-
cuspidal representations should correspond somehow with characters associated
to maximal anisotropic tori, but in the wild case nonconjugate tori (= maximal
embedded subfields) can lie very close together, and the characters naturally as-
sociated with one of these tori tend to be characters on subgroups of GL, that
may be trivial on the intersection with the associated torus itself. The above
procedure does associate y with tori, by associating y with the fields E ;) ; one
can think of the induction as providing a sequence of fields that approximate
the field associated with y . A second problem is that describing the character

x becomes increasingly difficult as one goes on. On K., x(1+y) can be given
as o Tr(xy) for an appropriate x, but for larger groups there seems no easy
way to describe y . The procedure given here obviates the need for a detailed
description of ) ; one simply needs to describe how x extends one layer at a
time, and the necessary information is given by xo. Thirdly, describing the set
of elements commuting with y becomes increasingly difficult as time goes on.
It becomes manageable in this inductive procedure because if we have defined
x on HNKJ!™!, then any element that commutes with x there also commutes
with Xl HAK! This simplifies computations considerably. In fact, we will see

that virtually every calculation reduces to one on A,/A!} .

(6.1) Theorem. There exist ]'[j"zt, C; choices of fields E,, ..., E, , elements
o

Me))s -+ Nity) € Z.K, , and characters y on subgroups Hy, nonconjugate under

Z.K. and trivial on K)2*', with the following properties (in the rest of this
statement we use the notational convention that for an index j, i is the largest
index with t; > j):

(1) mgyyng, =»° forall y € mf(e:).

(2) n;) generates A (as an ideal of A.). Indeed, 7, = ejw, mod A;, with

&j € (k}l()e
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(3) E; =F ﬁ[n(e]/)‘"'] is a nicely embedded field extension of F with ramifica-
tion index e; and residue class degree f;. (Recall: [Ff :Fl=f;, and Fj is
unramified over F .) This means also that n;, and r] “ are related as described
at the start of §2.

(4) Let 1‘4(_,‘) = Mn,.(E(j)) CG and M; = M(t,-+1+l) (and ]‘1,-0 = M,;o)) . Then
M) is generated over E;, by 1, and ml(e;).

Write G(j) = (group of invertible elements of M(;)) = GLn,(E(j)), Gi = group
of invertible elements of M; = M, 1), Ei = Eq, 1) (for i <ny), G, =Gy ),
etc.

(5) If j # ti, then ngjy is of the form niy1y + yiei + -+ + Yo, With yg €
MgrlAﬁf’*'_j+1 Af j=t;, then n is of the form {ini_y+yi—2+---+yo, where
the yg are as before and {; € (k")"

(6) Ho= K (KENGy)- (K N Gpyy), and
Hon K = KA (K20 Gy)--- (K& 0 Gyoy)(KE N Gy)

where h is the index with t, | < j <t,. (Weset to =ty = +00.) In particular,
HynKl/Hyn K™ 2 KInG,/KIT' nGy.

We define H, = Hyn K .

(7) The set of elements in Z,K, commuting with x| H) is

K& (K2 NGy) - (K& NGim)(ZeKe N Gy),

where c; is the smaller of t]' and t;+ 1 — j; this set is a group and normalizes
H{ . Furthermore, x(gyg~') = x(v) whenever g € GL,,(E)) = Gy and y,
gyg~' € Hy (i.e, Gy commutes with x|,,).
(1]

(8) Let t,,, < ti < t, so that G;_, commutes with x on Hé"“ and

HY [Hi™ = G, N K% /Gy N K'*' . Then one can write Xy as Xo,iX1,i, where
0

(i) Gi—1 commutes with X ;;

(ii) x1,; is trivial on Hy™!

(iii) On H{ N Gi_y (see the note below), we have

€i—1

XL+ ) = woTr@0"y),  yemli(ei),

where E;_\[a;in;"|]1=E; o) isa nicely embedded field satisfying e(Eg,/F)
=ei, f(EG,/F)=fi;

(iv) the matrzx algebra Mg, of elements commuting with E EG, has an ele-
ment 1, generating A} such that U m{:‘(ei) generate M7, as in
Proposition 2.1, and 1}, = n(,) mod A .

Note that in (ii) and (iii) we are describing x, ; only on part of its domain,

namely on HyY'(H§ N Gi—y) C HY = H'\(H N Gy_y).

(9) Suppose that jo < j; let g > i satisfy e|joeg. Let x* be a character on

Gi_1 N Ké" trivial on G;_; N K2*' and on G; N KL, of the form

KA +ynf) = woTe(y? "), Beks.
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Then there exists w = 1+ 3, with 6; € ks and 6" = &;, such that

x(wyw=ly) = x*(y), y € G NKL. ‘
(10) If t; < j < t;, then any extension of x| i 10 a character on Hj extends
0

to a character on Hé'/' .

(11) The yx are nonconjugate under Z.K., in that if i, x» are distinct
characters on Hy \, Hy, ) respectively, then for any z € Z.K,., x{ and x, do
not agree on their common domain.

Proof. The proof is by backwards induction on j; it is long and complicated.
There are five main steps:

1. Proving the theory for j =1¢ .

2. Proving a technical lemma that says roughly that if we have x defined on
H{ so that G(;, commutes with y , then x has an extension xo to Hg" such
that G(;, commutes with xo. The value of this lemma, as noted in the remarks

before the statement of the theorem, is that any extension of x to HJ™' differs

from yo by a character that is trivial on HJ. This gives us a concrete way of
describing all such extensions.

3. Proving the inductive step (to j — 1) in the case where e{(j — l)e; (as
before, i is the largest index with j <¢;). This is the easiest step.

4. Proving the inductive step in the case where e|(j — 1)e;, but j—1 # ;.

5. Proving the theorem in the case where j — 1 =1¢;,;.

In this section we do the first two steps; the rest of the proof is given in §7.

Before beginning the work of the proof, we shall set some notation and at-
tempt to explain the meaning of (1)-(11). Properties (1)-(4) give a useful
working description of the groups G(;, and the fields E(;), and (5) shows that
these groups are related in a way that makes the results of §3 applicable. Prop-
erty (6) gives a description of the group H on which the character is defined.
(Note that Hp is not given at the start of the theorem, but is instead defined

inductively in the course of the proof. When we reach level ¢;, H(;; is de-
fined; the definition involves G;_; = G(,) in a critical way. Property (5) and

Lemma 3.1 show that, for instance, the definition of Hé"“ does not change

when we later define H(',; .) Property (7) gives important information about the
elements of G that commute with x| woa full description of this set is given

later, in Theorem 8.1. Properties (8) ar:d (9) give technical information about
x used in proving some of the other properties; specifically, (8) is used so that
we can apply Lemmas 4.7 and 4.8 when considering elements commuting with
X (as we must when proving (7), and (9) is used to construct n;_;) from 7.
Property (10) means that we have a certain amount of freedom in extending x .
The nonconjugacy statement in (11) will be used to show that the supercuspidals
constructed are all distinct.

Our list of properties is redundant, in that some of the properties imply
others. For instance, (8) = (9) by Lemma 4.7, and (5) = (6) by Lemma
3.1 and Corollary 3.2 (the first part of (6) is definition). Next, (5) also implies
that the set in (7) is a group, because of Lemma 3.1, since the ¢; in (7) always
satisfy ¢;_;—c¢; < t;_,—t;. Finally, (6) and (7) imply (10), since the commutator
subgroup (H(;"’ , Hé’) C Hy and an argument using (4.3) shows that y = 1 on
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the commutator. (If x =1+ yn/ and y =1+ %}, where r, s > ¢; and 7,
6 € (m}'(e;))*, then all words in (x — 1) and (y — 1) are in Hj , and Lemma
4.2 applies.) Thus we shall not prove (6), (9), or (10) in the induction.

In the inductive part of the proof, we assume the result for j; i is the largest
index with #; > j, and A is the index with 7, | < j <t . The reason for listing

h is that Hé‘l/Hé ~ G,NKI™'/G,n KL = ml(e,) ; however, h does not play
a major role in any arguments. We generally use g and / as indices.

At times, we shall use (4.4) to deal with the case where k has two elements.
What we need to know is that for some large prime N , if we work with GL,(Fy)
(where Fy is the unramified extension of degree N), then we can perform the
construction (on the composita of the fields E(;, with Fy), getting a character
X~ onagroup Hg' such that Hy = Hy' N GL,(F) and x~|, = x. It should
not be hard to see that this is always the case.

When j—1 is not one of the “jump indices” #;,, , the objects E;_1y, G(_1),
etc. satisfy the properties for E), G;), etc. It may be used to regard, e.g.,
Euy, Eq¢ -1y, --- > E,+2) as successive approximations to E; = E, ).

If ptn (the “tamely ramified” case, treated in [10]), it turns out that we
can always take E(j_;) = E(j) when j — 1 is not a jump index. (This is the
point of the “geometrical” lemmas in the first part of [10], which show, e.g.,
that M) ® M;, = M, where My, = {x € M: Tr(xy) =0 ¥y € My,)}.)
Furthermore, at a jump index, we have E(;_;) = E;_ (see property (8), (iii)),
so that E; C E; C --- C E, . This simplifies the description of x and also
simplifies many details of the construction. The reader may wish to compare
the construction that follows with that of [10] when both apply.

The proof is so arranged that at most points in the argument we need be
concerned only with a character y;, (related to x) defined on some Hé’ and
trivial on Hé’“ . (This may indicate the importance of (8).) We often need an
argument, using Lemma 4.2, to reduce to this situation, but it may help to keep
this organizational principle in mind.

We now give the proof for the case j = ¢, . The characters on K' trivial on
K2+ are of the form

x(1+y) =y oTr(w, ""y), y €AY and o) € m, .

We require that o; € k;. , that Flayw, "] = E(,) have ramification index e,
and residue class degree f), and that F; C E,). Up to conjugacy, the number
of choices for o, is the number of primitive elements for k;, /k , with elements
equivalent if they have the same minimal equation, namely C; . We fix one
representative for each conjugacy class. Notice that (e, )¢ = yjw;?, say,
where the entries of y, are all equal. Since the entries of a; all commute
and the /th entry of y; depends only on those entries of «; with indices
=/ mod e/e;, so that y; = N, (o), we may arrange to have the first e/e;
entries of a; equal, the next e/e, entries equal, and so on. Pick one a; of
this form in each conjugacy class; for this choice, a;w, "' commutes with every
(e1, f1)-permutation matrix, and E, ) is nicely embedded. For appropriate a,

beZ, (v, )%} isof the form dws/* , since (11, e) = e/e, ; F[dws/®] =
E(tl)' Furthermore, 6 = (603 6[ g sy 69—[) € (k}()e, Wlth 60 = 51 = . =

Je/el-l, 59/8, ='-~=626/el_1,CtC. Let yy=(1,...,1, dp, 1,...,5e/el,...),
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where there are e/e; — 1 ones between the Js, and set n,,) = y1@.. Then
nft/l VW =ow. /e | so that F [n("t/I 1= E,). We can easily insure that y; € k% .

We next check properties (1)-(11). Property (1) is easy, since a; commutes
with mfi; (2) is immediate, and it is also clear that (3) holds. As for (4),
note that 7, and m/i(e;) commute with o t, " and are therefore in M.
They generate a vector space of dimension n? over E(,), and hence generate
M. (5) is vacuous, and we checked (11) above; for (8), let xo,; = 1. For
the second part of (7), set ayw, " =u. If g € G, then [g,u] =0. So if
v, gyg~' € A¢, then (1 +gyg™') = woTr(ugyg™") = y o Tr(g~'ugy) =
woTr(uy) = x(1+y). The first part of (7) is a bit more work. It is easy to check
that K} and Z.K, NG, commute with |, ; note that (K}, K¢') C Kb+t
Conversely, any element of K.Z, can be written uniquely as

w=(1+pw+--)fow” =wywy,  Pi€meand Bo€m.

We know that w; commutes with y ; thus the hypothesis says that y%o = y.
By Lemma 4.8, wy commutes with «.

We now give the technical result of the second step. It is analogous to Lemma
3.8 of [4].

(6.2) Lemma. Retain the notation of Theorem 6.1. Let x (as above) be defined
on Hj, j>t, ,andlet i, h be as defined above in the proof of Theorem 6.1.

Assume that Gj, commutes with x. Then x has an extension xo to Hj™'
such that G;y commutes with g .

Remark. We shall actually prove slightly more about yg, since we shall show
that G(;) commutes with xo once a fairly small subset of G(;) commutes with
Xo - This may be useful elsewhere. In addition, the proof uses little about G;
except that E;) is nicely embedded, G(j, commutes with x, and elements of
G(;) have the “normalizing” property described at the start of the proof; thus
we can often apply the result to groups other than G, .

Proof of the lemma. In this proof, we assume that g # 2; when g = 2, we need
to modify the proof as noted earlier.
We begin by indicating something about when elements of G(;) “normalize”

HJ™'. Specifically, we show that if x € G;, y € H™', and xyx~' € K}™',
then xyx~!e H({_l . From (5) and (6) (or the proof of (7)), G NK, normal-
izes H({" . Thus we may assume that x = b is a power-permutation matrix
in G(). We may also assume that y € G; N K,f,;*' for some /. Suppose that
I = h—1. Repeated use of (5) shows that #;) can be written in the form

nG) = Culth + Yn + Va1 + -+ vo,  Gpr € (kF)°,

tg+|—th+l+2

where y, € M, N A . [From (5), we get 7 = (unfigen + Vi +
o+ Vg, Vg € Mg A7 Apply (5) to the first term; we get nj =

CoeNen) HYi + -+ Vo, Vg € My N4/, where the v, may have changed
from one line to the next. Repeating this procedure, we eventually get

tor1—ti 2'
Ny =Lt + Vi +o V0, Vg € MgnAg™ ™,
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again, the y, may have changed. Now use (5) and Lemma 3.3 to replace
Ni-1 With {2 + Y+ -+ V5 Vioy = Zs2) + Zio1 + -+ + 2o, Where
Vg € MgﬁAﬁ_,‘*""‘J“l s Z(4+2) € M4 A2, and zg € MgﬂAi,‘*’“_"'+2 . Combining
terms, we have

1) = S Me+2) + Va) T Vica + -+ 30,

where {42 € (K[)°, V{12 € Mi42)N 42, and y; € M,nA%"~"*'  Continue
inductively; we get

—th 42
NGy = Chttn + Vi + -+, Ve € Mgn g™,

as desired.]
Now use Lemma 3.3: there is a power-permutation matrix b’ (for the com-
positum of F; and Ej) such that for some

k'€ KO Gy(Ks " nGyy) - KDWY b= k'Y
It is obvious that b'yb'~! € Hg" ifitisin K!™!, and Corollary 3.2 says that
k normalizes H({" . The argument for the other G, N Ké‘“ is essentially the
same.

It may be worth noting why the lemma is true when h = 0 (though what
follows is not a proof). Then j > ¢{ and Hg_' = K}7', and we can write ¥
on K] as
(6.3)  x(1+y)=woTr(xy), X € A7", x determined mod 4.7.

It is possible (though not obvious in our inductive process) to choose x so
that F[x] = E(j. Assuming this, the proof of the lemma is easy: use (6.3)

(with this same x) to define y on KZ™'. In fact, we could also replace x by
X + xo, where xo € A7/ n Ejy . This choice will change x on K7 only if
xo ¢ AX/ N Ej, which suggests that the extension is unique if 4,7/ N Ej, =
AX7n E ;). This fact may help explain the division below into cases.

Before entering into the body of the proof, we simplify notation. We will
generally be concerned with elements representing H} -1 JHy = ml*(ey) . Since
all the elements we will be concerned with will commute with kj; , we may as
well assume that f, = 1. Similarly, the elements we deal with will all have
the e/e,-periodicity of elements of m;"(e,), and it will therefore not affect the
proof if we assume that e, = 1. The real effect of these assumptions is that
we can work with m, instead of m{" (en). In a sense, we are assuming that
h = 0, and the discussion of power-permutation matrices given at the start of
the proof shows that this assumption does not affect whether the elements we
deal with in the proof actually lie in H} ~!'. Of course, we must be careful to give
a proof that is valid without these simplifications; for instance, the reasoning
given above would be impermissible.

Because we want to use the decomposition G;) = B(;) W B, , where B;, is
the Iwahori subgroup and W|;) is the group of power-permutation matrices, we
need to deal with another set of congruence subgroups. Set d = n/f;, and write
Hg‘l nK,’, 0= H, . We define yo to H; by backwards induction, assuming that
it is already defined on H,_; (to conserve notation, the extension to H;_; will
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be called x). Write d for n/f;, and let n € G;) generate A} and induce o
on mﬁ" (e;) . The coset representatives for H;/H;,,; can be taken as elements
14+yn', vy = (30, ..., Y4—1) € my; when d # e, some of the y; may have to be
0, but for a given index & either y, must be 0 or there is no restriction on y;
(except, of course, that it commute with kg ; since we are in my; = M ﬁ(k)”/ﬁ ,
this means that y; € k7). In particular, (k)¢ normalizes H;. However, if
f/fill, then there is no requirement that any y; be 0.

The proof divides into several large steps:

1. We find an extension x; to Hj such that (k; ¥ nml(e) (2K NG(/Kin
G(;)) commutes with x; .

2. If 1 is not divisible by d/e;, then x, is the only extension of y with the
property in 1. We use this to show that every power-permutation matrix in G|;
commutes with y . In particular, # commutes with y, and Lemma 4.2 now
implies that K ‘} NG = B;) commutes with x. (B(;) € K, N G(j, normalizes
H; .) That proves the lemma in this case, with y = .

3a. If / is divisible by d/e;, then x; is not unique, but we can choose
coset representatives for H;/H;,, that remain in H; under conjugation by any
element of W ;. We prove next that there is an extension xo such that 75
commutes with xo; xo is also not unique, but it is easy to describe the other
possible choices. We also show that any “diagonal” matrix whose diagonal
elements are powers of 7 commutes with yg.

3b. In view of 3a, we need only prove that permutation matrices commute
with xo. (This uses the fact that we have coset representatives as described in
3a; we therefore need to prove that xg = xo only for a set of generators b for
Wy .) We prove this last fact to complete the proof.

1. Write (k7)4/% for (k})?nmj(e;) (= (k7)) . The extensions of x to
H; form an affine space of cardinality [H,: H;,,], a power of p, and (k}: yd/e:
has order prime to p. Let U, ..., U, be the orbits of the extensions under
conjugation by (k}: )/, and let a; = cardinality of U;. Since Z;": aj is a
power of g and each a; is prime to p, there are integers b; with Z;’;, ajbj =

1. Then set
m
=[] II %
j=1x'€y;

x1 clearly has the desired property, and (1) is done.

2. We assume that d/e;{/. Then x, is the only extension of ¥ commuting
with y . For every extension of y to H, is of the form x~(y) = x;(¥)x2(»),
where y; is as above and x, is trivial on Hj,,. Thus x(1 + yp') = y o
Tr(a”'y) for some a € m,, and the same calculation as for Lemma 4.8 shows
that (k[)%/* commutes with x, iff (k)?/* commutes with an~'. This is
impossible if d/e;{/. (We need ya = ay"_’ forall y € (k}f )/ei hence all y €

K}{/e" . Let y havea 1 in the jth entry and 0’s elsewhere; if o = (ag, ..., agz_;),

then ya = (0,...,0,¢;,0,...,0), while ay"_’ has a 0 as its jth entry if
d/eitl. So a; =0 for all j. See Lemma 4.1 for a similar argument.) In the
rest of the proof for this case, we use only this property of y; .

As noted above, it now suffices to show that W, commutes with x;. For
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this, it suffices to prove that x?(y) = xi(y) for power-permutation matrices
b and (e;, f;)-pure elements y such that both sides are defined, since such
elements y generate H;. Because b normalizes (kf’:)d/"i , it is easy to see that

b='H;b N H, is normalized by (k)% and that x§ is fixed by (k;)%* on
this group. To see that xg = xo there, it suffices to show that y has exactly
one (k}’_‘)“/‘—’i-stable extension from b~'H, ;b N H;,, to b~'Hbn H;, since x,
is already known to be one such extension. So let x; be any (k; )4/¢i-stable
extension of x’x~! (= 1) to b~'H;bN H;; we will prove that it is trivial.

This step, too, is done by induction: we assume that any such extension is
trivial on b~'H;pbnH;NK} (r > 1) and prove it trivial on b='H;bNH;NK} ™" .
Suppose that y € b 'HbN H N K", but y ¢ b~'H,,,bN Hy,,. Then either
y or byb~! isin H; but not in Hj,,; assume the former for definiteness. As
noted above, we may assume that y is (e;, f;)-pure. If y € K7, the inductive
hypothesis says that y?x~!(y) = 1. We show next that (r — 1) is not divisible
by d/e;. If (r—1) is divisible by d/e;, then y and byb~! both lie in K]
but not in K}, since #"~! is centralin G;, andif b € W;_;) and 0 # a € my,
then gag™' € A4; and ¢ A4). Since ye H; and y ¢ H),,, [ =r—1. But
by hypothesis, / is not divisible by d/e;. This means that if d/e;|(r— 1), then
b 'HbNH NKy=b""HbnH NK]", and the induction extends.

So we may assume that (r — i) is not divisible by d/e;. Let y = 1+ yp,
Yo = yn/~!, be a new addition to the domain of yx; such that y is (e;, f;)-
pure and the nonzero entries are = ¢ mod n; (n; = n/e;f; = d/e;). Assume
for convenience that char k # 2 (the modifications for char k = 2 are easy).
Let { € m{” (e;)* have I’s in every entry except those = cmod#;, and 2I’s in
those. Then {y{~! =1+ 2y,, and

xny¢ly =1, 'y =y mod Ki.

Since x1({¥y{~'y~!) = xi1(y) by the inductive hypothesis, x;(y) = 1. This
extends the induction and proves the result (with xo = x;) when d/e;{!/.

3a. Assume that d/e;|/. Then, as noted above, the elements of H;/H;,,; can
be picked to be stable under the power-permutation matrices W; for G;).

We change notation and let y,(1 +y) = wo Tr(an('j;j y) for y € K™'. Since
n('Ej =gw!+..., g € k‘;i/"" (from 6.1(2)), the argument at the start of
step 2 shows that (k[ )4/¢ commutes with y, iff o € k}f/ “. For y € k; and
y =yn/~1, Lemma 4.8 gives
A+ A +y) =0+ Hn(d+y) =1,
because n and y commute. Since kX fixes x7, it fixes y"x!; therefore
Ji 1 141

x{=xixg, Be€k; and P Lkj under(a, f)=Trafp.

We also know that there are g%/ characters y, of H;/H,,,. They form a
commutative group on which 7 acts by conjugation. The fixed elements are
the x. with o € k; (i.e., all components equal), since X0 = xo With o/ =a.
Thus there are ¢/i®~! characters xdx;'. All of these annihilate the elements
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1+yn/=', y € ky, since

e (L™ = yoTra(y” =),
and y° =y if y € k. Hence the xlx,' exhaust the characters on H, an-
nihilating H;,, and the 1+ yn/~!, y € k;. Since x_g is such a character,
xaxa' = x—p for some a. Set xo = x1x.- Then yo commutes with 7 and
with (k}:)d/"i . (These properties of x, are what we use in further analyses of
this case.)

It now suffices to show that b commutes with yo whenever b € W;). Ele-
ments of W, take elements yn{;l , Y € m,to elements = y’n{ 5' mod H, 4,
as noted above. It follows easily that if y € H; and byb~! € K/, then y € H,, .
We therefore need only prove that x(y) = xo(byb~!) for our coset representa-
tives y = 1 + yn'. It suffices to check this when y has only one nonzero entry,
at (say) the cth place. It also suffices to assume that b is a permutation matrix
in G(;) or a “diagonal” matrix,

P0G %0 0
P g P - = ’
0 yni—léani_l
P the permutation matrix as in §2, y, € ks, where £ is defined by saying that
Py P~! is a “diagonal” matrix of &’s. (Recall: n; = n/e;f;. Each entry is an
e; x e; block matrix whose f; x f; blocks are in kj ; the blocks corresponding
to &% have indices =/ mod n;.) For “diagonal” b, let / = ¢ mod n;. Then

x0(gy8™") = xo(yana - y(yan®™) 1) = x0(y),

which takes care of this case.
Here is a brief illustration of this last point. For the matrix

0O 0 1 0
0 0 0 1
w 0 w 0
0 w 0 w

n=m=

used in the example for Lemma 3.3, we have
0 1
t=[a o]
The “diagonal” matrix corresponding to [ 2] is

0¢
0 0 1 0
0 aw? 0 bw? )
b = @ 0 @ 0 , a,b,casin§3.

0 bw? 0 cw?

It is easy to see that for 1+ yn** with y = (0, »1, 0, y3), so that the matrix
for yn? has entries only in the starred positions of

0

* O *x O
S OO
* O *

0
0
0
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we have b;(1 + yn?)b;! = n*(1 + yn*)n=*, since b; and 7* have the same
entries in the rows and columns with the starred entries.

3b. The permutation matrices in G(;, are (e;, f;)-permutation matrices and
normalize (k7)?. So if b is one of these permutation matrices, then (k;)?
also fixes x% and must therefore be of the form yxoxa, @ € (kf )¢ . The map

¢: b — o (which we regard as a map from %, to (k;)?; %, acts on each
block of n; symbols in the same way) has the following properties:
(i) ¢ is a l-cocycle: @(uv) =¢(u)’ +¢(v);
(i) ¢(u) =0 if u is the cyclic transposition (0, 1, ..., n;—1) (then u is
the product of 7 and a “diagonal” element);
(iii) @(vy) = (ag, ..., ag_1) has ap =0 if b is fixed by v, . (We then have
vIyv; '=y if y is (e, f;)-pure with nonzero entries only at indices
= b mod n;.)
It is clear that (i) and (iii) imply
(iv) If ¢(v2) = (Bo, --., Ba—1) and vy, v, both take b to ¢, then a; = B .
(Write v, = (V07 My .)
The permutation v of order 2 given by

(O,ni—l)(l,ni—2)-“<%’ 112—’) if n; is even

and X :
(O,Hi—l)(l,ni—Z)-~-<ni2_ ,ni; ) if n; is odd

satisfies vuv = u~!, where u is as in (ii). Therefore ¢(v)* = ¢(v), which
implies that ¢(v) = B € k.

Suppose first that p # 2. Since v has order 2 and ¢(v)” = ¢(v), 28 =0 or
B =0. From(iv), ¢((0, n;—1)) = 0. Conjugating by u, we get ¢((b, b+1)) =
0 for all b. It follows that ¢ =0.

If p =2, we work a bit harder. If n is odd, then 8 =0 because (n; —1)/2
is fixed by v. We get ¢ = 0 as in the case p # 2. If n is even, then
we have ¢((0,n;,—1)) =(#,0,0,...,0, 8), and conjugation with u gives
p((b,b+1))=(0,0,...,0,8,8,0,...,0), with the f’sin the b, b+ 1
places. We now have

9((0, 1,2)) =o((1,2))* " +¢((0, 1)) = p((1, 2)),
9((0,1,2,3)) =9((2,3)(0, 1, 2) = 9((2, 3)*"? + 9((0, 1, 2))
=9((0, 1))+ ¢((2, 3)) (as one sees by calculating the terms),

9((0,1,2,3,4)=9((0, 1)) + 9((3, 4)),

(0, 1,...,n=1))=0(0, 1) +0((2,3)+ -+ o((ni—2,n—-1))=B.
Hence g =0, and we finish as before. O

For the rest of the proof of Theorem 6.1, we make the notational convention
that if y is the given representation on K, then yo is a (fixed) extension of y
to KJ™! with the property of the lemma. (We shall then construct an extension
of x to KI™!, which we also call x; often x # xo.)
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7

We return to the proof of Theorem 6.1. Assume that we have defined x
on Hj,that t,_, > j > ¢, and that i is the largest index with j < t;. We
need to extend y to H({_l ; the procedure is slightly different in each of the
three remaining steps, which we also think of as different cases. The hard part is
generally in finding #(;_,) ; in constructing it, we usually verify most of (1)-(11).

(a) (Step 3). Assume that j — 1 > ¢t,,, and e{(j — 1)e;. Then set y = xo
and ng_y1) = g . It follows that E;_,) = E(;), etc.; all of (1)-(11) are vacu-
ous or trivial except for (7), which we now treat. (Occasionally the treatment
that follows is slightly more complicated than necessary; this is to ensure that
essentially the same proof applies to the other cases). Note that C;_; =

It is easy enough to check that K;**™/ N G._; commutes with x| -1 When
0

h < ¢ < i; one applies Lemma 4.2. (For instance, if x € Ké"*%‘j N G;—; and

x — 1 is invertible, then y* = y on K“*', while if y € H(-)"l and y — 1

is invertible mod H({ , then x¥ = y on K4l .) The proof that KX N G,_,

commutes with xl gi-t When 0 < ¢ <h (Gp = G) is the same. We have
0

constructed y (= xo) so that G(,_;), (= G(;) commutes with y on H’ !
Conversely, suppose that w € Z,K, commutes with y. Then w commutes
with x| i » and (7) applied to x| y; implies that we can write

0 0

w = fonly(1+ Bingy + -+ Bty + Bu—jrmi )

(7.1) ; | v
= Bon>_ (1 + Bunginy + - + Bu—in(i iy + Bu—jirni 7t 40,

with B, € m, for all g, fp € mS, and B, € m{"(e,») for g < t;,-J,
Bg € m{‘“(e,-_l) for t; —j < g <ti_y—Jj, etc. We need to prove first that
mod A /*2, B, _;.n"/*' = some u € M_,). Dividing by an element
known to commute w1th x and writing B for f;,_;,;, we may assume that

=1+ Bni- ’“ = w wg, where wy =1+ Bn"”“ .

We show ﬁrst that xy)=xy) if y=1+ yni_l with y € m,'"'(e;_y).
Note that if g <i—1, then 5,_;, = {n, for some { € k’: , by an induction
using (5). Because { and y are both in m{g(eg) , it follows that y is congruent
mod K to an element of Gy . In fact, since y and {, are both in Hjp, this
congruence also holds mod Hj .

Since w; € (KX NG ) (KE 7T N Gisy) - (KPP0 Gy, it sufﬁces
to prove that y¥i(y) = x(y) if w; is in any one of the factors. If w;
(KE 7' nG,_y), then x*1(y) = x(y) by Lemma 4.2 (since G;_; commutes
with ¥ on H" ). If w; e (K& AR N Gi-3), then (w,,y) € H" ', and
we are concerned with x on that group. Write x = xo,i-1X1,i-1> as in (8).
Then xo,;—1((w;,y)) =1 by Lemma 4.2, since G;_; commutes with x; ;_;,

while x; ;—i1((w;, y)) =1 by Lemma 4.7, since y is congruent mod H({ to an
element of G;_;. This proves the claim for w; € (K}~ A Gy 2), and the
proof for the other factors is nearly the same.

Therefore x* - x~'(¥) = x(woywy'y~!) and woywy'y~' € Hj. Write
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x|H,,. = Xo0,iX1,i, as in (8). Since G(;_;) commutes with xo ;,
0

X0, i(woywy 'y =1.

By (8) and Lemma 4.7, x; i(woywg 'y=1y =1 forall y onlyif wy is congruent

mod K!™/ *2 {0 an element wy of G(N,) , the group of invertible elements in
the algebra M7, defined in (8). (Note that y is congruent modulo Hj to an
element of G;_;.) By (iv) of (8), together with (5), wy; = w’ mod KLi=+?,
where w’ € G N Ki7/*! | We already know that y¥' = y.

Dividing by w’, we may write

2 ti—
w = 1+ﬂt,‘—]+2”1 l]+ +ﬂt: 1= ]7] I J+ﬁ11 I_J+l’71 +-

(where the B, may be different from what they were in the previous expression

for w). The inductive hypothesis lets us write w =1+, ,_ ,+177f' i AR

Br_,—j+1 € mg~'(fi—1), etc.; an argument like the one above shows that w is

congruent modulo K- ~'™’ +2 to an element in G;_;. We continue inductively
to get (7). This concludes the proof in case (a).

(b) (Step 4). Assume that j — 1 >, and e|(j — 1)e;. Set
X(1+) = xo(1+ ) o Tr(a'n{*'v) = xo(1 + y)xar (1 +¥),

where o' € m, is such that o = Tr, o' € k. (Note that y = yn(jﬁl for some

y € mef" '(en—1). There is therefore some ambiguity in o' ; what determines

X isnot o but Tr, , o' . We could find an o" € m{" '(ep—1) that gives the
character, but then we would need to take traces over F,_,. There seems to be
no advantage in introducing the additional notation.) We choose one o' for
each a, with the added requirements that each component of o' isin Ky ; that
the first ¢; components of o' are all the same, the second e¢; components are
all the same, etc.; and that O corresponds to 0. For instance, we might make all
components of o' beyond the first ¢; equal to 0. (If o’ = 0, then of course
X = Xo-.) This gives us g/ = C;_, choices for x. (It is in fact the case that if
a =0, then y and o and conjugate regardless of what o’ is chosen, but we
shall not need this fact here. It is proved by applying Lemma 4.7 repeatedly.)
We shall show below that these extensions (for different o) are nonconjugate
under Z.K,.. A computation in the proof of Lemma 6.2, case (2), shows that
if y € (kf)*, then x” = x; similarly, x is fixed by all (e;, fi)-permutation
matrices because o is.

We next produce #;_;) and E(;_;). This is a complicated affair because we
need to insure that E;_,) is nicely embedded. An example may help to explain
the problem that may arise. Let n=¢e=4, f=1, ¢, =2, 5y =1t =10, and
52 =t < 8. Suppose that for w = w4 and y = (o, 71, 72, 73), ¥j € k, we
have

—Jj+1

o)

Then we may take E ;o) = F[w?] and #(0) = w . From case (a), Eg) = E).
For level 8, we produce xo and set y = xox1, where

n(l+y@®)=yo+7) ifyw?e Gy
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This last condition means that y = (o, 71, Y0, 71). Then x; = yo Tr(z)(ay) ,
where we may take o = (1, 1,1, 1) € m}(2). We need o' . If p # 2, we can
take o/ = (§,1,1,4). Itis then clear that m}(2) and w commute w1th 11>
so that Eg) = E(j0). (This is one reason that the tamely ramified case is easier
than the general case.) But if p = 2, this choice is impossible We may take
o =(1,1,0,0); recall that the ﬁrst two entries of o must be equal. Now

(since char k =2,so that + and — are the same)

3
1 +yod) =y (Zw) . yems,
j=0

as a calculation shows. But for § = (&, 6, 62, 3) and w =1+ d6w?,

x5 xg (1 +yw?®) (Z 7(6; +6,+z))
j=0
(extend J; periodically with period 4). So x®* = x if 6; +dj4, =1, so that
6 =(8,d,0+1,d +1). If we take 6y = J; = 1, then F[(ww)?] is nicely
embedded and gives E) . But if not, F[(ww)?] need not be nicely embedded.
The following is one way of forcing the nice embedding of the field.

We begin not with 7;_1), but with something closer to 7/, . Let 6, =

e/e;
NGy - We set

0(]'_1) = 0(j)(1 +§,'_17]lt-i__1j)"‘ (1 +5h—l’7;l,h__|j)’

g
mutes with y. We choose the &, inductively, as follows: x%x~! is triv-

ial on Hj(Hj‘1 N G)), and by (9) we can choose J;_; so that if w, =
0)(1 + 6i1n), then X x~! is trivial on H’(H’ "N Gi_y). Now (9) lets
us choose d;_, so that if w, = w,(1 + 6,_277,._2 7y, then y%2x~! is trivial on
H({ (H({_l N Gi_3) . Continue.

The matrix 6 has a special and useful form. Regard elements of M as
n/f; x n/f; block matrices (with f; x f; blocks), and let P be the block

where dg € k7, 09’ = §,, and the J, are chosen so that 6;_,) com-

permutation matrix taking (0, 1,...,n/fi—1) to (0,n;,...,(e;—n;, 1,
ni+1,...,n—1,... n/f — 1), as in §2. Then each term P~!6;P,
P“(1+5, mf" .y P7Y (1468, n}"" )P is a “diagonal” block matrix con-

sisting of n; blocks each block an e; x e; block matrix of (f; x f; blocks that
are) elements of Fy,. The same statement therefore holds for P~16,_,)P =¢&

(say). Let the blocks for & be (&, ..., &, —1). Similarly, set P~16, P =

i ()
E=(&,...,&) and P N (1 +dgng" )P =15 = (14,0, ..., Tg.n—1)- (Since
0 € Ej) and E; is nicely embedded, the entries for ¢ are all the same.)
We then have

&=& 0 T 0</<n—1.
If we now write u, = (740, 1, ..., 1), then Pu,P~' commutes with x|Hj.
(For if P~'0,P = (0g.05--- > 0g.n—1)> then PugP=' = (1+8,ng" ™), where
P16, P = (dg,0,0,...,0); thus J; € my(e;) . Now use property (7).) Since
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PE,1,...,1)P7! also commutes with le , we see that k =
P&, 1,...,1)P~! commutes with x|H,. We can prove that k¥ commutes
with y on H/-! by showing that y*(y) = x(y) for a set of generators y
of the group H/~!/HJ/. We choose the y to be (e;, f;)-pure. Then kyk~! =
0(,_1)y0(;'_1) if the entries of y—1 (as a block matrix with f; x f; blocks) are in

rows and columns with indices divisible by n/e;f;, and kyk~! =y otherwise.
In either case, x*(y) = x(y).
We are now almost done with the construction of #(;_,y. Let A be the n;xn;

block matrix

o I 0 --- 0

o o 1 - 0

A=\

o o --- 0 I

& 0 -~ 0 0
and let C(j y=PAP~Y, nioy = Cf/f Since A% is the n; x n; block matrix
&, ---, %), Fﬁ[CJ_ 1=E;j_y is nlcely embedded. (Note: n; =ef/e;f;.)

Wealso have
MGty = NyP ™ ot -+ a1 P = ngy(L+ 810y - (L+ 05y

since each (1 + 6;17;‘“ ’) commutes with me"(ei) , conjugation by #;_;) acts

as g on mf(e;). Furthermore, Lemma 3.3 applies to E(;), E j—1y > SO that the

power-permutation matrices for G(;_;) = GL,,(E(;j_;)) all commute with x| i
0

Thus it suffices to prove that for any power-permutation matrix b, x?(y) = x(»)
when y is a set of (e;, f;)-pure generators of Hg" /H] , as before. Since the
elements byb~! are then also a set of (e;, f;)-pure generators of Hj “YHI it
suffices to consider a set of b generating the power-permutation matrices, for
instance x and the (e;, f;)-permutation matrices. But we have already verified
that x?(y) = x(y) for these elements.

In the course of constructing #(;_;) and E;_;), we have verified properties
(1)-(3), (5), and half of (7). Furthermore, (4) is clear, (8)-(10) follow directly
from the inductive hypothesis, and the other part of (7) is proved almost exactly
as in case (a). (Note that (7.1) holds because of (5) and Lemma 3.1; the 8, for
[ > t; — j+ 1 may change from one line to the next.) So we need only verify
(11), that different choices for o’ give nonconjugate extensions of y . Consider
two extensions x = Xo- Xa' > Xo* X' > Where, e.g., xo(1+y) = yoTr(o 7)(}1+l ),
y € KJ7'. Suppose that these are conjugate by x € Z.K, and that o # B .
Then x commutes with XOIKI , but not with Xolxg‘—' ,and (7) (for j, j—1)

shows that we may take x = (1 + d;, n"‘f“) (1 + 5,,77,',’”""“) with J, €
m’s(e,). We show that x*(y) = x(v) forall y =1+ yn(jj"_'l) with y € m{"(ei) .
The proof is like a part of that used in (7). We may work with one factor of x
at a time; thus we assume first that x = 1 +d;_;n""/*'. Then (x,y) € H¥.
Write x on Hy as Xo,iX1,i,as in (8). Since x € G;—; , Lemma 4.2(b) implies
that xo i((x,y)) = 1; since y is congruent mod H({ to an element of G,
(by the same reasoning as in (a)), (4.7) implies that x; ;((x,y)) = 1. Thus
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x*(¥) = x(») in this case, and the same argument (with only indices altered)
applies to the other factors. '

Therefore x* = x on G(;_;)N K7, so that Tr, (B') = Tre, (') . By construc-
tion, o/ = f’, contradicting our assumption that o’ # B’. This concludes the
proof in case (b).

(c) (Step 5) Assume that j — 1 =t;,; then e|(j — 1)e;.;. Welet n; =7,
E,' = E(j) , and M,' = M(j) ; wWe set

x(1+) = xo(1+y)y o Tr(&'n} y) = xo(1 +¥)x' (1 + ),

say, where o' has the property that if a;y; = Tr,, o', then E,-[a,-Hr)i"j ]l1=
E(“j‘_,) = E(’”,M) has ramification index e;,,/e; and residue class degree fi,/f;
over E;. (The condition on the ramification index follows from (1.3).) We also

assume that all entries of o' are in k; . An argument like that for the case
of t; shows that we may assume that the first e/e;,; entries of o' are all the
same, the next e/e;;; are all the same, and so on. This makes E(“]f_l) nicely

embedded. Then x' commutes with all (e;;;, fi41)- permutation matrices, and
hence y does as well. This proves part of the second part of (7). We define
X0,i+1 = X0, X1,i+1 = X 1n(8). Choose one ani"j from each Z,K,-conjugacy
class and one o for each o. Write fiy = f}, fi.

Suppose that w = Jonf‘(l +on + ) = wyw, € Z.K, commutes with
x . We show that w; = 6017,4' commutes with Eg ., - We may assume that w
commutes with x] Ki> S0 that 6077{‘ commutes with E;, from (7); hence we need

only prove that 6017{‘ commutes with an}‘j . Write y =1+ yn{ =14y,
with y € m{ (e;) . Then

x(wyw™ly™h = go(wyw 'y Ny (wyw =y,

But yo(wyw~'y~!) = 1 because w € G;, and x"” = x'“' because commu-
tators (¥, w,) are in K%*'. Now Lemma 4.8 shows that w;, commutes with
an,-'_j . Note that for 7 = 0, this means that dy € (m{"*'(eM))x ; conversely,
the calculation shows that (m{"*' (€i+1))* commutes with y .

We next construct 7 ;). The procedure is like that used in (b), and we omit
details when the calculations are essentially the same as in (b). We begin with
0; = r’f/ei >

O(j—1y = 6:i0;(1 + Sim "Y1+ 6iami sy ") -+ (L + Sy (),
where the J; € k;m are to be determined. Let 1; be a prime element in
Filan; "] of the form (an]")n"* (where (e/e))b — tia = e/e;,,; this is
possible by (1.3), since n/f = e and s;/f = t;), chosen so that Fj[t;] =
Filan; %i+11. this element is then of the form &;0;. The calculation given just
before the start of this construction shows that x%x~!(1 + ynf“‘) =1 Vye
m{" (e;) . We now choose the d, inductively, using (8) and Lemma 4.7 as in case
(b), to make x%-n = y. Because the ¢, , g < i+1,areall divisibleby f;,;,itis

straightforward to check that the terms dgn's~'+' all commute with ml (eix1) -
Furthermore, if we regard elements of M as n/fi,, x n/fi;; block matrices
and let P be the block permutation matrix taking (0, 1,...,n/fiy; — 1) to
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0, nig1y ooy (@1 =Dy, 1, m +1, 20+ 1, oo g =1, o n/ fi =
1), as in §2 (with n;iei41fiy1 = n), then P7'6,_)P = ¢ is a “diagonal”
block matrix consisting of n;,; blocks, each block an e;,; x e;;; block of
elements of F; (embedded as fi,; x fi;; matrices). Let the blocks for £ be
(&> .- &n,,—1); notice that P~!7;P is of the form (&, &), ...). Just as in

case (b), we show that for k = P(&, 1, ..., 1)P~!, x* = x on their common
domain, and that if A is the n;,; x n;;; block matrix

o 7 0 --- 0

o o I -0

o o0 -~ 0 I

& 0 0 - 0
{y-ny = PAPTY, mgoy = {5, and Ej_yy = Fy [¢02)), then By is

nicely embedded and #(;_;) acts as o on m;"*'(e;y;). (Note that n;y =
e/eir1 + f/fi+1.) Since Lemma 3.3 applies to E7_)) and E(_y), the power-
permutation matrices for G(_;) = GLZ:::(E( j-1)) all commute with x| oy
Therefore it suffices to prove that for any power-permutation matrix b %f

G-, x%(») = x(y) when y runs through a set of (e;;;, fi+1)-pure elements

generating Hé"/H({. Because byb~! € Hé" for all such b, y, it suffices to
consider a set of x generating the power-permutation matrices, for instance x
and the (e;, f;)-permutation matrices. We have verified that x?(y) = x(y) for
these matrices, so that G;_;) commutes with x; this is part of (7). We also
set 7, = (PAP~1)/1/i+1 | where

0 I O 0

0 0 I 0
A= :

0 O 0 I

& 0 e 0

then (nf;,)*/e+ = 1;.

The construction shows, as in case (b), that (1)-(6) and the second part of
(7) all hold; (8) is also clear. For the first part of (7), one inclusion goes just
as in (b). To prove the other, suppose that w commutes with y. Since w
commutes with x| « » We have

w=¢5(’,nf'°(l+5{m+~-~), do € mli(e;).
But 6(’,r}f'° must commute with a7/, as we saw above; from (6) and (8), we
can write

w =N (L+em+-), &€ (mi(em))”.

Since 8017(h°

(b). |
That leaves (11). Let Nj, Nj ~! be the groups of elements of Z.K, com-
muting with y on HJ, H({" respectively. If y and x* = yox™~ (where x~ is

1) commutes with y, we may delete it; the proof now goes as in
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given by B’ justas x’ is given by o) are conjugate by an element w € Z.K,,
then w € N’ and w is determined mod N’ . So we may write

w =S N1+ 8 i) (L4 Spymp (™), g € (kg

Write B, = Tr,, B’. Conjugation by d;n? takes amni'_j to ﬂmr]}_’ (since
a calculation, using Lemma 4.7 and like some done in the course of verifying
(7), shows that (6;7?)~'w fixes x* on K"'NG;). Conversely, if a;; 17~/ and
Bis mi'"’ are conjugate, then they are conjugate under some d;7¢, by Lemma
5.2. Since we picked only one element from each such conjugacy class, a;,| =
Bis1 . Butthen o}, = B/, (asincase (b)), and x = x*. The number of choices
for a is equal to the number of nonconjugate nonzero y generating k.  /k;
(the relation is that (an)~/)em1/ei = yy{!=))%1/%)  This number is C;_, = C,,,, .
This completes the proof of Theorem 6.1. O

8

The next task is to compute which elements of G commute with y on Hj.
As before, we write W(;) for the group of power-permutation matrices in G;),
and W; for those in G;. Recall that G(;) = (K, N G))W;)(Kn/f; NGy s
where i is the largest index with #; > j. We have seen that G(;, commutes
with x|Hj for j>rg.

For each j,let N/ = {x € Z.K, : x* = x on HJ}. By Theorem 6.1,
N/ =KN(GyNK3) - (Gioy ﬂKec’)(G(j) NZ.K,),

where i is the largest index with #; > j and ¢, =] if j<1, g=4~-j+1
otherwise.

(8.1) Theorem. For all j >ry, x|, intertwines with | if and only if
0

X € NjG(j)Nj .

Proof. We essentially proved “if” in Theorem 6.1, since N/ normalizes Hy N
K] . The converse uses backwards induction on j. If j = ¢, the claim follows
from Theorem 2.4 of [15]. For the inductive step, we assume the result for
J and prove it for j — 1. Let i be the largest index with ¢; > j. Assume
first that ¢;;; < j — 1. From the inductive hypothesis, x € N/G ;) N/. Write
G,y = (Gjy N K )W ;y(Gjy N K,) and use Lemmas 3.1-3.3 to see that x €
N/W,_yN/. Write x = kigk;', with g € W;_, and ki, k; € Nf;_ set
% = xx1, x* = xx», where x,, x» are trivial on Hj and on G nK;=".
(We saw in proving (11) in steps (4) and (5) of Theorem 6.1 that y*» (y) x(»)
if kh € N/ and y € G;,nK.™".) For y € HJ™', choose v € H{™' so that
ky'vk, =y; assume gyg~' € Hf ' Then

-1y
x~'Hyx

x(gyg™") = x(kigks 'vkag 7'kl = x(v) = xR (»),

or x5(y) = x2(»). Let Hj_\ = (kig)~"(H{ "Ykign H{™". After dividing &,
k; by terms known to commute with x and to normalize H;_;, we may write

k= +6, Tk, 1=1,2, kf e NN nKLiTI+2,
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Assume that we show that (1+d; ;_n" /) g(1+ 6, ;_ini /)~ =kjgky ™!,
where kj, k; € N/=!. Again dividing by terms known to commute with x
and to normalize Hj 1 we get

k= (1+3,im5 "Dk, 1=1,2, ke N nkg— ™%,

and we need a similar argument. (The procedure stops at 1+ J; j_ 111"' J+l

where, as before, 4 is the smallest index with 7, , < j—1.) So assume
inductively that, modulo elements in N/,

k= (1408 g *Oki,  1=1,2, ki € NN QK&+,

Since g commutes with y , we need to show that if x;(gyg~') = x2(y) for all
y € Hy, then kigk;' = kigky™, kj = (1+6] ,_nee=/*kF, [ =1,2, with
kf € NNnK#7* and 146 ,_ 117";' 1+ 68) et € GanKlKE
thls will extend the induction.

We want to apply Lemma 5.4. However, that lemma does not apply to the
present situation, because y is not of the fairly simple form assumed in the
lemma. The idea of the proof is to create a new character, x*, on G} = GN)
(the group of invertible elements of M () > see Theorem 6.1, (8)(iv)), and to

show that we can find a power-permutation matrix gy € W, (the corresponding
group of power-permutation matrices) such that

(1+ 81, am1m 7 ) go(1 4+ 62 g7 *)

commutes with x*. Lemma 5.4 will apply to this situation, and we will have

g =kog, ko € N’=!' (by Lemma 3.3),
k1g0k2 = k{goké s k{ s ké € Ga n Ké“—j+1Ké“_j+2 .
Then some simple algebra will complete the inductive step. '

Here are the details. Let yo be the extension of x| pi+a 1O H} ~1, guaranteed
by repeated use of Lemma 6.2, such that G,_, com;nutes with xo. Restrict
attention to H'*Y(G,-y N KJ™') = H*. On these elements, % = xk, k{" =
1+81, q—1m” ’“ , and a similar claim holds for k; ; since k*, k* € N/ nKle™/*2
already, we may assume that k; = 14+J; 4 m"‘ J*1 ] =1, 2. On the extension
to H*NKE, x = Xoxs, where x.(1 + 77 ) = y o Tt (ay®™™) and . is
trivial on H* N K'*!. Extend y. to x.o on H* so as to commute with Gy
by using Lemma 6.2 repeatedly; let x* = xox«o -

By using (5) and applying Lemma 3.3 to the subalgebra M" | = Mg, of
M,_; commuting with an_ "1 and with F; (we need the compositum with Fy,
to apply the lemma), we can find an element gy € W;*, such that m = g~!gy €
K!. In fact, Lemmas 3.1 and 3.3 and Theorem 6.1(6) show that for y € H*,
mym=' € Hy. Thus forany y € G,y N K", g;'vgo € H* & y € Hy.
Furthermore, gy commutes with x*, and a calculation shows that (x*)& =
x*x1, (x")% = x*x2. Since x, is defined on Hj and is trivial on HJ™', and
since m € K}, we have xJ' = x,; therefore x{° = x§{ = x, on H*, and so
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(xheok " = x where both are defined. Since G,_; commutes with yo, we

have x*'g°k = x.o where both are defined.

Now Lemma 5.4 applies (with G,_; playing the role of GL,); we
have ki gok;! = kigok; !, where ki, kj € (K& N Gy) (G NKETHY C
(K™ 0 G,)(Ga—y N K277*1) (this last by Theorem 6.1(8) and Lemma 3.1).
Use k to denote an element of K*'~/ (which may change from equation to
equation). Then, since (K™, m) C K'#/*! (and similarly for m~!), we get

kighks! = kigoky ' (kom™'ky ' m)m ™" = ki goky tkm ™! = k{goky 'm~'k
= ki goky ' (kym~ ks 1) (ky, m)k = kigky 'k,

and the induction continues. This completes the proof when j — 1 # ¢, .

If j—1=t;,,, then restrict attention to H({(Kg’1 NG;); write x = klgkz‘1 ,
with g € W(;) =W, and k,, k, € N/. We have x = xox1, Xo as in Lemma 6.2
and x(1+ ar]{ y=Wwo Tr(ay®' ), where Ei[an,-'_f ] is a field of ramification
index e;., and residue class degree f;,; over F. Elements of N/ commute
with x;, and G(j, commutes with xo; also, x(’)" = Yo on G, Nkl (as we
saw in the proof of (11) in Theorem 6.1, part (4)). So on the above elements,
x* = xox§, or x¥ = x1. Theorem 2.4 of [15] (or Lemma 6 of [10]) says that
g = kigik,, where ki, k, € G;NK! and g is a power-permutation matrix
for the group of elements in G; commuting with Ej; . By Lemma 3.3, we
may assume that g, € W;_;) at the cost of changing the k; to elements of
(GinK})- N/ C N/. The rest of the proof for this case is the same as in the
previous one. 0O

We now describe the basic building blocks for the supercuspidals. The fol-
lowing theorem does not give complete information on the set of elements com-
muting with the representations we construct, since (v) and (vi) apply only to
the restriction to H N K} .

(8.2) Proposition. Given the (s;, e;, fi) of (1.3), define the t;, t;, t!, and
C; as for Theorem 6.1. There are e - ]'[j= C;j pairs (H, p), where H is a
subgroup of Z,K, and p is an irreducible representation of H , plus fields E ;y,
matrix subalgebras M), and groups G ;, = group of invertible elements of M;,,
0<j<u, such that (With E;, = E(t,+1+l)» M; = M(t,+|+l): G, = G(l,+|+l) for
1<i<r; E,=E;, etc):

(i) e(Ei/F)=e; and f(Ei/F)= fi;

(ii) My = algebra of elements commuting with E;, (hence M, = E,);

(iii) H = K& (KENGy) -+ (KE N Gro1)Gr

(iv) p is a character if t, > 0, and a character on H tensored with a cuspidal
representation of KeﬂG,_l/Ke'nG, 1 2 GL;_,,;(ks_,) (extended as a character
10 Z,) if t, =0, and KM (wp) C Kerp;

(v) for j>1, set

H =HnK’, N =KA\(KLNG) - (KENGi)(ZKeNGyy),

where b = min(t/, t;, + 1 — j) and i = largest index with t; > j. Then x
commutes with p|,, iff x € N/W;,N/ (as before, W, = group of permutation-
power matrices for G;));
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(vi) distinct (H, x) are nonconjugate in Z.K, .
Proof. We construct the (H, x) by a double inductionon »n and s,. If n =1,
then there are no triples (s;, e;, f;), and yx is trivial on F*. If 5y =0, then
r=1, e =1,and f; = n, and we take p to be a cuspidal representation
of Ki/K} = GL,(k), extended to be I on @ . It is known (see, e.g., [22])
that there are Cp nonconjugate representations of this sort, all of dimension
1'[;:11 (¢ —1). We set E| = F,. The other parts are now immediate. (In fact,
Theorem 4.1 of [3] shows that p* =p & x € Z|K, .)

Assume now that s; > 1, and let 7o be the smallest index with 2s, ., < s, .
We use Theorem 6.1 to obtain pairs (Hy, x) and fields E; (1 ; i <n),

together with the corresponding M;, G;; Ho = K3 (K2 NGy) -+ (K. N Gyo_1)
and the set of elements commuting with x is JyG,,Jy, where

Jo=Ki (KE NG (KN Gryoy).

If o =r, then G,, = EX and E normalizes Jy. Let E(, = E, for
J <r,and extend x to a character p on H = HyE) trivial on w ; this is
possible in [H : Hy(w)] =e - H;’gg‘ C; ways. Because EX commutes with x
and normalizes Jy, one checks easily that EXJ, commutes with p; indeed,
p* =p e x € EXN'. This completes the proof in this case.

If ro <r, we extend x to a character on Hy(G,, N Z.K,) that is trivial on
(G, » Gr,)NZ.K, and is hence fixed by G, ; note that (G, NZ.K,) normalizes
Hy, by Theorem 6.1. Lemma 4.1 says that the extension is possible, because any
element of (G,,, G,,)NH) is a product of commutators in (Gr,NZ K., G,,NHy),
and we know that x is 1 on these elements. There are Hj.’g,“ C; different

e . o141 .
restrictions of these extensions to Hy(G,, N Ké" ' ), as one sees by calculating

the index of the commutator subgroup. (If y; is one such character defined
on Hy(Gr, N K7), the number of such extensions of x; to Hy(Gry N K™Y is
[G,, NKI™" 1 (G,, N KI)(SL,,nK{™")], where SL,, is the special linear group
corresponding to G, ; this index is g’ if (j— 1)e,, is a multiple of e and 1
otherwise.) Choose one extension (to be called x) for each restriction, and form
the tensor product p = x ® po, where pg is a representation of a subgroup H,
of G,,NZ.K, satisfying (i)-(vi) for the triples (s;/f;,, ei/er,, fi/fr,), o+ 1<
i < r, constructed via the inductive hypothesis (and extended to be trivial
on Hy(G,, NK;*"'™'); H = HyHy, and the E(jy, M), Gy are as defined

inductively for py. One checks that there are e - H;'g;,' C; such representations

(note that these representations need be trivial only on z , not on n::)/ e’°f'°) .

The points that still need checking are (v) and (vi). Let H' = HN K} and
p' = pl, - Then Jo = K& (K& 0 Gy)- (K N Gyy—y) commutes with p.

For if y € Ho(G,, NK!) and w € K NG,_y, then x(ywy~'w=!) = 1 by
Lemma 4.2(b) because 2t/ + 1> t;+1 and w commutes with y on Hé"“ .
So to prove (v), we need (in view of Theorem 6.1(7)) only determine which
elements of G,, commute with p!, and now (v) follows from the induction
hypothesis. The argument for (vi) is essentially the same. If p!, p~! are

conjugate, then they agree on Hj, by Theorem 6.1, and, since N'o = N+l ,

r0+|+1
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el 1 . .
they agree on H N Kt° % On this group, both are multiples of the same
character y . We have fixed an extension of y to H', which we also call y,
and p® x~!, p~ ® x~! are conjugate. Now the inductive hypothesis proves
that p' = p~'. 0O

Remark. We have not shown that representations corresponding to different se-
quences of triples are nonconjugate. For fixed e and f, different sequences of
s; lead to pairs (H, p) whose restrictions to their respective H'! are noncon-
jugate over Z,K, because one can read off the s; from the indices [H N K] :
HNK!*']; since the s; determine the e;, we can have conjugacy only if the se-
quences of s; and e; agree. For the f;, one can use the arguments proving (11)
in the proof of Theorem 6.1 or use the fact that the indices [HNKZ : HNK:*'],
[N/ : N/+!] determine the f;. We say more about this in the next section, and
we deal with different e, f in §10.

9

The next step is to extend p to a representation p; on J that is a multiple
of p on HNK]}. The procedure is fairly standard and goes back to [10]; here
is a sketch. Suppose for definiteness that ¢, is even (if it is odd, then #| = ¢}

and there is nothing to do at this step). Pick a cross-section for H Kéil/H ,
and extend p to HKe by making it / on the cross-section. Then p is a
projective representation on H Kf,r . The cocycle defining the multiplier projects
to a cocycle on H Kér /HNK/} . This group can be regarded as a subgroup of the

semidirect product of a symplectic group with K /HN K" . When p is odd,
the cocycle is the inverse of that for the Weil (or oscillator) representation; a
unified treatment (including p = 2) is given in [8], and the cocycle is computed
explicitly in [5] for the case of division algebras. Tensor p with the Weil

representation A, to produce an ordinary irreducible representation on HK_'
Repeat this construction for all even ¢; > 0 to get p; . Further details are given
in the Appendix to this paper. As noted there, distinct p produce distinct p; .

(9.1) Theorem. (a) Let p, be as above. Then n = Ind? pi1 is irreducible.

(b) Let (p1,J) and (py, J~) be distinct representations, constructed as
above on subgroups of Z.K. from completely satisfactory representations. Then
the induced representations n and n~ on G are distinct.

Proof. (a) From [17], we need to show that if x € G is such that pf and p,
intertwine on their common domain, then x € J ; Proposition 8.2 says that if
s, > 0, this is already true for p| i - When s, = 0, Proposition 8.2 says that
x € JIG,_;J'. Since J! C J, we need only consider x € G,_; . The argument
of Lemma 14 of [10] shows that x also intertwines po with itself, where pg is
the lift of the cuspidal representation of GL, _,(k;_,) used in constructing p.
From Theorem 4.1 of [3], x € J .

For (b), let the triples associated with py" be (s7, e/, f7), 1 <i<r™~; we
assume that e,~ = e. Suppose that pf and p{’ intertwine on their common
domain. By restrictingto HNK} and H~NK/ , we may assume that p* and p~
intertwine on their common domain. Without loss of generality, we may assume
that s; > s7. Assume that p(1+y) = y o Tr(aw ~"y) and p~(1 +y) =
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Tr(a~w ~"y) for y € 4;' . From Proposition 5.3, (s;, e1, fi) = (7, e, fT)
and aw ", a~w ~! are conjugate by an element of Z.K, . Since we chose only
one element from each conjugacy class, p = p~ on K}! = K'NH =K' nH™.

Assume inductively that (s;, e, f;) = (s;", e/, f;~) for [ < i (where i is
the largest index with s; > j), that E) = EG, for h < j (so that, in particular,
KinJ =KinJ ~), and that p = p~ on this group. We want to extend this result
to j— 1. From Proposition 8.2, x € N/W;)N/. Let N/ = N/ r‘lK;/fi . Then
W,;) contains a set of coset representatives for N’/N/, so that x € N/ W;,N/ .
Write x = kbk' (k, k' € N{, b e W;), let le"'nH be a multiple of yx,
and write ¥ = xoX« = Xox' as in the proof of Theorem 6.1; write x™~ = xoxp
correspondingly.

We saw in the proof of Theorem 6.1 (especially in the construction of #(;_i))
that for y € K7'nGj, and ko € N{, x(kovky"') = x(v); similarly, x~(koyky')
=x~(y). For w e k=YK ' nGj))k, let y = kwk~"; then

X w) = 2 (KR kK = X (9),

by the above result with ko = (kk’)~!. Since (x¥)? = (x™)¥~! on their com-
mon domain and x*(w) = x(y), we get

x~0) =% (w) = Fw) = xP(y), allye KI7'nG;nb~ 1 (KI7'nG(;)b.

Since G(;) commutes with xo, we have xg = X0 . Therefore x% = Xp' on these
elements. But for y € K/™' NG,

X ) =W oTr(pa"),  xp(y)=woTr (g7,

where a = Tr, o’ and f = Tr,, f’. Since an;’ and Bn/;’ generate fields
over E;, Proposition 5.3 implies that an(‘j;’ and ,377(’5’ are conjugate. Be-
cause we picked only one element from each conjugacy class, a = S ; because
we picked only one o' foreach a, xo = xp . This also shows that ¢, = j—1
iff £, =/j—1 and that e;;; =e7,, fi;1 = f7, in that case. This extends the
induction.

When s, = 0, this forces 5;” = 0. As in (a) we show that py intertwines p}’
only if x intertwines the corresponding cuspidal representations of pg, pg by
invoking Lemma 14 of [10]; then Theorem 4.1 of [3] shows that we must have
po = py and hence p = p~ . This completes the proof. O

10

This section is devoted to computing the formal degrees of the supercuspidal
representations computed in the previous section. This is done in three parts.
We begin with the data (s,, e, f1), ..., (5r, &, f;), and compute [Z.K, : J],
J as defined in (4.5). Then we compute the degree of the irreducible repre-
sentation 7 = Ind,;_zk, p1, p1 as defined just before Theorem 8.2. Finally,
we compute the formal degree of the supercuspidal n induced from 7. The
calculations are similar to those in §2 of [6].
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(10.1) Lemma. Use notation as in §§6-8. Then
gD felf f) i =0,
2K 1= { Qe -0 oo,
where c(f/fi) = (¢/=1)(g#V=D-1)(g U 1I=D—1) .. (gFi-1), c(f) = c(f/1),

( I

St —n) +n(f = D/2=nf+f ifs>0,

i=1

“=) S fti(nioy = n)+n(f = 1)/2= f(f/fr1 = D/2= fn+ fr,_
i=1

\ l:fSr:O;
n;=njleif;, and ey = fo = 1.
Proof. We have

[ZeKe : J] = [ZeK, : JKNJK, 2 J],
[JKe:J1=[Ke: INK]=[Ke: (JNK)KN(I NK)K]! : TN K],
[(JNK)K!:JNK,]=[K!:JnK]!],
and so on; hence

[ZeKe: ] =[ZeKe : JKC)[Ke = (J ﬂKe)Ke!]H[KJ S(INKHKIM.
j=1
(The terms in the product are 1 for j > ¢/.) Since Z,K, N G, contains a
generator of A! (regarded as an ideal of A4,), we have
[Z.K.:JK,]=1.
Next,
[Ke: (JNK)K ) =[mS :mXnJ];

m} has q®/U=D72¢(f)¢ elements. If 5, > 0, mX NJ = (k;)* has ¢/ —
1 elements; if s, =0, mXNJ = GLy,  (k;_,) has c(f/fr—1)g/V1f-1=172

elements. Finally, if ¢/, < j <t (we take ¢, | = 0), then

(KL : (Jo N KHKIT] = [me : me 0 M;] = g¢/" (0= 1/ef)
Hence if s, > 0, then
[ZeKe : J) = q%c(f)/(g' - 1),

where
r

ay=ef(f—1)/2+ef2t) 1) = S efX(tf — tfy)/eifi + ef*[erfys
i=1

if 5, =0, then

[ZeKe 2 J]=g%c(f)*[e(f]fr-1),

where (since e, = e¢,; in this case)

ag=ef(f—1/2+ef*(t] = 1)~ f(f/fr-1 = 1)/2
r—1
—Zefz(tfl—tfln Jeifi+ef /e fio.
i=1
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In this last expression, we can sum from 1 to r because ;' = ¢/, = 0. Now
use partial summation and note that e,f, =ef =n. 0O

We now consider dim p;, p; as defined before Theorem 8.2. First of all, p
(as in Lemma 8.1) has dimension 1 if s, > 0 and dimension q(f/f,_1)/(g/ —1)
if s, =0 (see, e.g., [22]). Second, we tensor by a representation of dimension
[mf“(e,-_l) : mfi(e))]V/? = g/(m-1=m)/2 if ¢, is even and > 0 and by a repre-
sentation of dimension 1 if ¢; is odd or 0. Combining this with Lemma 10.1,
we get
c(f)° 4

(10.2) Dimr=qf_1 ;

where, for s, >0,

a, = ;ftf'(ni—l - n;)+ n(fz— 2 —nf+f+ Y f(nio—n))2

t; even

(10.3) , | |
ti+ n(f +
=Zf(—2 )(ni—l"'ni)_——'( 3 )+f
i=1
(since ¢/ = (t; +1)/2 if t; isodd and ¢/ =1¢;/2 if t; # 0 is even)

(104) — Zf%(ni—l _ ni) _ h ;f’
i=1

for s, = 0, we have (similarly)

a, = th:'/(ni—] _ ni) _ n(fz_ 1) _ f(f/fr2—1 - 1)
i=1

—fn+ fr_ + Z f(ni-—;_ni)

t; even

- ti+1 )

(since n,_y = f/f,—1)
=Zf£2£(n,~_1 —n,-)— n;f>

i=1

just as in (10.4). Thus we have proved:
(10.5) Lemma. Use notation as in §§6-9 and as above. For the representation
t=Ind;_zxk p1.

. c(f)e .
Dim 7 = 57({—)1—(]“' , ay as in (10.4),

where e;finj=n. 0O
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We can now compute the formal degree of the supercuspidal m induced
from 7. The appropriate normalization of Haar measure for G (or, more
properly, G/Z,) is that which gives the Steinberg representation formal degree
1. It is standard (see, e.g., [3] or [21]) that this measure gives K| Z,/Z; volume

n~H(g" = 1)~e(n) = n~' [T} !(¢/ — 1). Lemma 2.2.7 of [6] then shows that

VOl(ZK./Zy) = ec(f)c(n)"' vol(Z,K/Z,) = f~(q" — 1) c(f)°.
Combining this with (10.4), we get

(10.6) Theorem. Any supercuspidal representation n associated with data (s; ,
ei, fi), 1 <i<r, has formal degree

qn -1 a
At
a, asin (10.4), where t;=s;/f. O

Remark. This formula is the same as that of Theorem 2.28 of [6]; in that paper,
Ji=(ti+1)/2. It is easiest to use (10.3) to compare the results.
We need one important corollary of Theorem 10.6.

(10.7) Theorem. Let n be a supercuspidal representation of GL,(F) associ-
ated with the data (s;,e;, f;), 1 < i < r; let n~ be another supercuspidal
associated with the data (s;, ey, f7), 1 <i<r~. Let f=f, and f~ = f~.
Suppose that f # f~. Then n and n~ are inequzvalent
Proof. Let f = fof., where (fo, p) =1 and f, is a power of p; write [~ =
fo fo similarly. We may assume that f,|f,. Then the largest factors in the
formal degree of m, n~ prime to p are respectively
q" - 1 q" -1

fb fb qf~ 1'

By Lemma 4.1 of [6], these numbers are unequal if fo # f77. O

11
In this section we complete the proof of Theorem 1.1 by proving:

(11.1) Theorem. Every supercuspidal representation of GL,(F) is obtained by
tensoring a character with one of those constructed in Theorem 8.2.

Proof. Since every supercuspidal is the tensor product of a unitary supercusp-
idal trivial on wyp with a quasicharacter, we restrict attention in what follows
to this class of supercuspidals. Let £°(G) and &*°(G) denote respectively the
sets of (equivalence classes of) supercuspidal representations and of (equiva-
lence classes of) discrete series, but not supercuspidal (= generalized special)
representations of G trivial on wr. (In the rest of this proof, we do not
distinguish between a representation and its equivalence class.) For an integer
m > 0, write £(G) and &,P(G) for the subsets of £°(G) and &*°(G) re-
spectively with conductoral exponent < mn . These, as we shall see, have finite
cardinality.

We have already constructed certain elements of £(G). For a sequence S =
{(s1,e15 f1), ..., (sr, e, fr)} of triples, define «(S) =5, and n(S) =e,f, =
n. We have associated to S a sequence Cs of supercuspidal representations; its
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cardinality, |Cs|, is given in Theorem 8.2. It is proved in [2] that if = € Cs,
then the conductoral exponent c(n) of m is s, = a(s). We construct other
supercuspidals by tensoring these n with characters. To avoid repetitions, we
proceed as follows: (G N Ki)/(G N Kit')(SL,(F) N K3) has one element if
ntj and g elements if n|j. In the latter case we write j = mn and choose

g characters Xm.1,..-, Xm.q Of G, trivial on G N K/™*! and distinct on
GnNKM; we take Xm.1 to be trivial. If mn > s;, we let a be the smallest
multlple of n thatis >s; andlet Cs(m)={T=T® %4,;, @ " @ Am,jm : 1 <

Jn < q, m € Cs}; for convenience, we wrlte Cs(m) = Cs if mn =a(S). Then
if T={(st,ef, fy),.... (s, e, )}, wehave Cs(m)NCr(m) # @ only if
S = T, and the elements of Cg(m) constructed above are all distinct. Proof:
if e, # e, the formal degrees differ, so we may suppose that ¢, = ¢;. = e.
Suppose that 7| =71 ® %4,/, ®*® Xm, ), € Cs(m) and that 15 =7 ® x4 4, ®
- ® Xm.h, € Cr(m). Then 7, is induced from py" = p1® %4,/ ® ** ® Xm, jm
where we also write x, j, for its restriction to the group J, on which p; is
defined; similarly, 7, is induced from p5 . If s;,s; = mn, then there are
no characters y. , in the tensor product and we already know the result. If
s = mn > s, then p{" is a multiple of X, j, on K, while py is a
multiple of p, there; Lemma 5.3 implies that p7”, p5’ are not conjugate, so
that 7, and 7, are not conjugate. If s;, s} < mn, then p7" is a multiple of
Am,j. on K, while p5 is a multiple of x,, », there; Lemma 5.3 implies
that Xm,j, = Xm,n, on K" 2 KJ*". Therefore j, = hy . Tensor with x;,f i
and continue inductively.
If 7 # n, the conductor ¢(t) of 7 is shown in [2] to be mon, where my is
the largest index with h,,, # 1. (If T = m, we have already computed ¢(7).)

Thus all members of Cs(m) lie in £9(G). Let £X(G) = {t € G~ : 1 € Cs(m)
for some S with a(S) < m}. Since |Cs(m)| = |C5|q’" [(S)/7] | we see that
En(G) = Y |Cslgm /.
a(S)<m

We want to prove that |£}(G)| = |&2(G)|. We argue by induction on n, the
case n =1 being trivial.

Let D = D, be a central division algebra of dimension n? over its center F .
The unitary dual of the multiplicative group D> was constructed in [4]. The
representations in (D*)~ are classified by sequences S = {(s;, e, fi), ...,
(sr, e fr)} satisfying (1.3), except that we require only the e, f;|n. Let n(S) =
e, f, (this is consistent with the previous definition of n(S)). Corresponding to
S there is a collection of representations Cg C (D*)”; the elements 7’ € Cg
all have conductors c¢(n’) = s; = a(S). There are other elements of (D*)™
(again, we consider only representations trivial on wp), formed by tensoring
with characters x; , ..., just as for G. If we define Cg(m) in a manner
analogous to Cs(m) (i.e., one tensor with x; , , ..., X,, , ), then the formula
for ¢(7'), v € C¢(m), is the same as that for elements of Cg(m). In particular,
elements of Cg(m) have conductors < mn, and elements of Cg(m,), m; >
m, have conductors < mn iff they are in Cg(m). Furthermore, |Cg(m)| =
|Cs(m)| when n(S) = n; this follows from Theorem 5.5 of [4]. Thus if we
let .97"(D,,) = {t € (D))" : 1 € C¢(m) for some S with n(S) = n}, then
|Z."(Dn)| = 1€ (G)] -
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Let #,°(D") = {tr € (D))"~ : 1 € Ci,(m) forsome S with n(S) = ng}, where
no|n. (For no =1, =2, and Cy is the set of characters trivial on the first
congruence subgroup K! that factor through the reduced norm map. There are
q—1 such characters; thus |Cy| = g—1 and |Cy(m)| = (¢—1)g™.) One can see
directly that | F2(D,)| = |Fo®(Dno)|; if 1ol , 172 (Do) = [E2(GLoy (F))] , by
the inductive hypothesis. Let &,°(G) be the set of irreducible square-integrable,
nonsupercuspidal representations of G with conductor < mn (i.e., the set of
elements of &%°(G) with conductor < mn), then

1EPG) = Y IENGLy(F),
mo|n, no#n

by [23] (plus Theorem 3.4 of [9], for calculation of conductors). Since
&P +IEG) =D _1F(Dn)| = IEP(G)] +1&4(G)|

ngln

by what we have just proved, |£2(G)| = |€}(G)| and the induction extends.
This proves the theorem when char F = 0.

For the case char F = p, we use [13]. Let m > 0. Then there is a
field Fy, char Fy = 0, such that the Hecke algebras /#(GL,(Fp)//K"""),
%(GL,,(F)//K,’””“) are isomorphic. (If F = Fu((x)), g = p?, then let
Fy = Qy(a, @), where Q,() is unramified of degree b and wy = p for some
large N.) From [13], there is a 1-1 correspondence between the discrete series
representations of GL,(F,) with a K""*!-fixed vector and those of GL,(F)
with a Kl'”"“-ﬁxed vector. (The Hecke algebra isomorphism constructed in
[13] is obviously an isometry for appropriate choices of Haar measure. As
noted in [12], this gives the correspondence for discrete series representations.)
A discrete series representation 7 with conductor < mn has a K]"**!-fixed
vector, since it is induced from a representation on an open subgroup with such
a vector. Conversely, if any of the representations we have constructed have
K f"”“-ﬁxed vectors, they have conductor < mn. For, in the terminology of
[11], if the representation 7 has conductor j, then # has a minimal K-type
of level j/n. The uniqueness property of minimal K-types says that z# has no
K { -fixed vectors. (See also [2].) Since the discrete representations we have con-
structed with conductors < mn for the two groups correspond 1-1, the theorem
for GL,(F) follows. O

Remarks. 1. In[14], Koch computed Y=, . [#»°(D)| by calculating the number
of conjugacy classes in D*/(ww)K™+!  where K™*! is the (m+1)th congruence
subgroup. One can group conjugacy classes by sequences S with properties
like (1.3), except that e, f;|n and the s; increase. Roughly speaking, for the
conjugacy class represented by x there are elements x; such that F[x;]/F has
ramification index e; and residue class degree f; and such that x; Ix e Ps
(where P is the prime ideal for the integers of D;), but no such congruence
(with e;, f;) is possible mod P%+!. It is not hard to use results in [14] to show
that |Cg(m)| is the number of conjugacy classes corresponding to sequences
(mn-sy,e, fi),...,(mn—s,, e, f;). This would give a different way of
completing the counting argument given above.

2. It is likely that the results of [12] on Hecke algebra isomorphisms apply
also to the wildly ramified case. If they did, one could also prove Theorem
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11.1 by comparing formal degrees in (D)); and in &°(GL,)U&®(GL,). In
fact, the formal degrees of the supercuspidals in Theorem 8.2 are the same
as the formal degrees of the irreducible representations of D) wit the same
data (s, ey, fi), ..., (s, e, f7), constructed in [4]. This means that once the
Hecke algebra isomorphism theorem is extended, one has the following exten-
sion of the results in [6]: for any n and s, there is an Ay such that for g = p”
with A > hg, the correspondence of the Matching Theorem associates represen-
tations of D) and GL,(F) with the same data (s;, e, fi),..., (S, er, fr)
whenever s; < 5p.

APPENDIX

Here is the cocycle calculation mentioned at the start of §9.

We assume inductively that we have extended p to a representation (which
we also call p) on H(J N Ke'.") that is a multiple of a character y on HNK}.
We want to extend this situation to H(J N K ) = H(J N K'*). Write H; =
H(JNKY), J;=HJNKY), H = HinK},and J/ = HnK}. If 4; is odd,
then H; = J;; we therefore assume ¢; even and write ¢ for ¢;. Lemma 6.2
lets us write x|H! as xoxi, where yxo extends the character xo ; of Theorem
6.1(8); xo extends to a character of J/, by Lemma 4.1, since G; commutes
with xo and J! C (K. N G;)(H: n K.). We shall assume that s, = 0; the
calculations with s, > 0 are similar, but easier.

Write m = m} "'(e,—;), m* =set of elements of m whose image in A,/A}
is invertible; we use coset representatives for m, m> as described in §1, but
we will refine this later. Write n = 1, = n,_; . Coset representatives for J!/H/
are given by elements 1 + an’, where a runs through a m{"(ei)-subspace vV
of m}~'(e;_,), and coset representatives for J;/H; by elements 61" (1 + an'),
where 6 e m*, he€Z,and a€ V. H is normal in J;.

We need two other facts before we start on the calculation_:h

(1) x3 = xo for 6 € m* (because m* C G;), while xJ x;' =w® isa
character on H!/H . The y) are fixed by m* because n~" normalizes m>
(mod elements of H}, which fix y®).

(2) The alternating bilinear form B on V defined by B(a;, az) =
(1 +ain), (1+a2n"))=x1(1+ (a?'az - ag'al)nz’) is nondegenerate. (This
is a calculation using Lemma 4.7.)

For x € Ji' , p* and p are equivalent. In fact, a stronger statement holds: if
x =1+an' is one of the cosets representatives in J/, then Lemma 4.2 implies
that p*(y) = p(y) for y € H!.

For the coset representatives o1, p is already defined. We extend p to a
projective representation p; on J; by

pi(x(1 +an')) = xo(1+an’)p(x), xX€H, aeV.

If we knew that p[ 1 were irreducible, this would be a projective representation

by general nonsense. In our case, this needs to be checked, but it falls out
of the following computation. (It can also be easily verified directly.) For
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Y1, 2 € H} , we compute:

pi(y16:1mE(1 + a1n')) pi(¥2021* (1 + can’))
“[pi(y161n5 (1 + a1n)y262m* (1 + a2n'))1”
= xo(1 + a1n)xo(1 + a2n") p(y1817Ey26,1")
- [Pi(181n5y2020") pi([V2621" 1 (1 + arn')y202m™ (1 + aan'))1™"

Write ;' (1+a1n')y; = zo(1+ayn'), with zg € H*'; x(z0) = 1 from Lemma
4.2. Then x([6,n"]7'zod2n") = 1, since 7" commutes with x on H!*!, and
we can omit this term from the calculations. Hence

pi([y2021"1 (1 + ay ' )y202m (14 a2n')) = pil[621"1 (1 + 010" ) 620" (1 + a2n')) .
Write [0:h"]171(1 + ay1n')dan® = u(dy, h; oq)(1 + asn') with a3 € V and
u(dy, h; ay) € I-I,.’+1 . Then the last expression is
pi(U(d2, b5 a))pi(1 + azn') (1 + aan'),

which is scalar. Thus (A.1) is scalar (and p; is projective). Write

(I+asn)(1+aan') = (1 + (2 + a3)n)z(a2, @3),  z(az, @3) € H.
Then

pi((1+ a3n')(1 +azan’)) = xol(1 + (a2 + az)n) z(az, a3)lxilz(ez, a3)|]

= pi(1 + a3n)pi(1 + aan') xi[z(a2, @3)],

1
(A.1)

and

pi(1+azn') = xo(1 + asn’) = xo(u(d2, b, 1)) 'y P (1 + ayn').
So the scalar in (A.1) is the scalar in

[pi(u(d2, h, a1))xo(u(S2, b, a1) " wB (1 + arn)xilz(ea, a3)7';
that is,
[xi(z(az, e3))y™(1 + ain') xi(u(dz, h; er)]™'.
Write £(d1, &, a13 02, h, a2) = wB(1+a ) x1(u(d2, hs ay)) = x*(6an”, ay).
This is a 2-cocycle (here, (5, g, a) represents dné(1 +an')), since, as is easily
checked, the other factor is also a 2-cocycle. We now analyze ¢ .

First of all, we get rid of &, and J,. We can write 5" = "¢ for some ¢ ¢
m> . We now refine the choice of coset representatives. Let m = M, (k;_|)
be the image of m in A4./A4}, and similarly for 7" ; let d € m correspond to
6 € m; similarly, let ¥V = a complement to 'rr_t{"“(e,-ﬂ) in ) (e;) (where the
bars signify that we are working in the quotient spaces, not with coset repre-

sentatives). We can choose V' to be stable under the action of 7™ given by

& — da(d )~', & e m*. The reason is that we can regard 72 (f;) as e/e;
copies of Mf/f(kf) and mf+'(e,+1) as e/e;; copies of 7y, , embedded in
each (e;/e;y1)th copy of My, (ky); we take the complement in a summand to
be the complement under Tr when a copy is embedded and to be all of the sum-
mand when no copy is embedded, and sum. We now divide ¥ into orbits under
the above action and choose coset representatives in each orbit so that for some
a in the orbit, the coset representatives for the other representatives are all of the
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form da(d°')~! for some d € m* . It is not then true that for arbitrary 1+an’,
we have d(1 +an’)d~! =1+ {n' with { = coset representative for da (6% )",
but it is true that if { is that coset representative, then (1 + an')(d°')~!
A1+ L") (A°)~! with A€ G,_, NK}. (If B= 60a60_1 with dp € m* and { =
d1a67" with §; € m* , take 1 =6,8;"'.) Nowlet n~"(1+an’)nt = (1+aon’)y,
where ag € V and y € G;_, N K", and suppose that eag(e”)~! = Ao (A7)!,
where 6n* = n*e, a; € V,and A€ G,_;nK]}. Then

@n")71(1 + aon')ydn" = A1+ ayn')A~" - e ye.
Since y® is stable under m* and x, is stable under G,_;NK} (use Lemma
4.8 to show that y and o are stable under G,_; N K}), it follows that
(1, 8,130, h,00)=¢(g,ars h, az).
We shall write this last simply as C(g, a;; &, ay). It is independent of g and
ay ; sometimes we write C(g, a;; h, an) = x*(h, o).
The cocycle condition gives
X*(ha ay +a2) = C(g’ ap + a2, h9 a3)

= C(g7 Qg 0, aZ)C((g’ al) * (09 a2); h, a3)

=C(g,01;(0, @) (h, @3))C(0, az; h, a3)

= X‘(h ) 041))(*(11 ) a2) s
and similarly

x*(8,a)x*(h,a®)=x*(g+h,a),
where af is the element in V' such that 1 + n~8an*n¥ is represented by 1 +
adn® . So if we write
X8, ) =9(g)a), @:M/M -V,
then ¢ is a l-cocycle. If ¢ is a 1-coboundary, then so is C, since if ¢(g) =
lug/:u ’then C(ga ap g h, a2) = V((g, al)'(h 5 aZ))/V(g’ al)l/(h’ a2) lf V(ga a)
= u(a). Thus we examine ¢ .
Since n¢-' is a central element in GL,(F) times an element of H}, it is

easy to check that ¢ has order dividing e,_; = ¢,. Because ¥ is a p-group,
standard theory shows that ¢ has order dividing p. This, of course, makes ¢

(hence C) trivial if (p, e;) = 1. If ple,, we use the inverse of the other part
of our cocycle,

Co(B1n%(1 + ayn'), &1 (1 + aan')) = x1(2(ez2, @3)).
This is the cocycle corresponding to the Weil representation, and
Co(1 +ain', 1+ aan') = B(ay, a2)

is a nondegenerate bilinear form on ¥ x V. Hence there exists oy with
Co(l +apn’, 1 + an’) = p(1)(@)™! VaeV.
If we replace n by 7. = n(1 + aon'), then
CoC(B1n¥(1 + ain'), Sant (1 + aan')) = Co(61mE(1 + aun’), Sank(1 + azn')).

That is, the cocycle (CoC)~! is the inverse of one for the Weil representation,
but we need to use 7, instead of n to generate the cyclic element. Another
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way of saying this is that we are applying an outer automorphism to J;/J;! . (If
2te, we can use 7, as a substitute for #7; and redefine E;, G; accordingly.
When 2|e, this may not be possible because conjugation by 7, need not nor-
malize Fy,.) The outer automorphism depends only on x , and not on all of o .
We now tensor with the Weil representation W to get an ordinary irreducible
representation on J;. Note that W is trivial on J!, so that the induction
hypotheses apply to o, ® W . Since W is irreducible on K!/H!, any operator
commuting with o; ® W must be of the form A®I; as g, isirreducible on H;,
A must be a multiple of 7. Therefore o, ® W is irreducible. This concludes
the construction.

REFERENCES

—

. C. Asmuth and D. Keys, Supercuspidal representations of GSp4 over a local field of residual
characteristic 2. 1, 11, preprints.
2. C. Bushnell, Hereditary orders, Gauss sums, and supercuspidal representations of GLy ,
J. Reine Angew. Math. 375/376 (1987), 184-210.
3. H. Carayol, Représentations cuspidales du groupe linéaire, Ann. Sci Ecole Norm. Sup. (4)
17 (1984), 191-225.

4. L. Corwin, The unitary dual for the multiplicative group of arbitrary division algebras over
local fields, J. Amer. Math. Soc. 2 (1989), 565-598.

S. —, Constructing the supercuspidal representations of GL,(F), F p-adic, Proc. Bowdoin
Conf. August 1989 (to appear).

6. L. Corwin, A. Moy, and P. J. Sally, Degrees and formal degrees for division algebras and
GL, over a p-adic field, Pacific J. Math. 141 (1990), 21-45.

7. P. Deligne, D. Kazhdan, and M.-F. Vigneras, Représentations des algebres centrales simples
p-adiques, Représentations des Groupes Rédutifs sur un Corps Local, Hermann, Paris,
1984, pp. 33-117.

8. P. Gérradin, Construction de séries discretes p-adiques, Lecture Notes in Math., vol. 462,
Springer, 1975.

9. R. Godement and H. Jacquet, Zeta functions of simple algebras, Lecture Notes in Math.,
vol. 260, Springer, 1972.

10. R. Howe, Tamely ramified supercuspidal representations of GL, , Pacific J. Math. 73 (1977),
365-381.

11. R. Howe and A. Moy, Minimal K-types for GL, , preprint, 1986.
12. ., Hecke algebra isomorphisms for GL, over a p-adic field, preprint.

13. D. Kazhdan, Representations of groups over close local fields, J. Analyse Math. 47 (1986),
175-179.

14. H. Koch, Eisensteinsche Polynomfolgen und Arithmetik in Divisionsalgebren iiber lokalen
Korpern, Math. Nachr. 104 (1981), 229-251.

15. P. Kutzko and D. Manderscheid, On intertwining operators for GLy(F), F a non-
Archimedean p-adic field, Duke Math. J. 57 (1988), 275-293.

16. __, On the supercuspidal representations of GLy, N the product of two primes, preprint,
1988.

17. G. W. Mackey, Induced representations of groups, Amer. J. Math. 73 (1951).
18. L. Morris, P-cuspidal representations of level 1, preprint.

19. A. Moy, Local constants and the tame Langlands correspondence, Amer. J. Math. 108 (1986),
863-930.

20. —_, Representations of GSp(4) over a p-adic field. 1, 11, Compositio Math. 66 (1988),
237-284, 285-328.

21. J. Rogawski, Representations of GL(n) and division algebras over a p-adic field, Duke
Math. J. 50 (1983), 161-196.




58 LAWRENCE CORWIN

22. T. Springer, Characters of special groups, Semisimple Algebraic Groups and Related Finite
Groups, Lecture Notes in Math., vol. 131, Springer, 1970, pp. 121-166.

23. A. V. Zelevinsky, Induced representations of reductive p-adic groups, 11. On irreducible
representations of GL(n), Ann. Sci. Ecole Norm. Sup. (4) 13 (1980), 165-211.

DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, NEW BRUNswICK, NEw JERSEY 08903




